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Abstract: We study the dynamics of a generalized version of the famous Kuramoto-
Sakaguchi coupled oscillator model. In the classic version of this system, all oscillators
are governed by the same ODE, which depends on the order parameter of the oscilla-
tor configuration. The order parameter is the arithmetic mean of the configuration of
complex oscillator phases, multiplied by some constant complex coupling factor. In the
generalized model we consider, the order parameter is allowed to be any complex linear
combination of the complex oscillator phases, so the oscillators are no longer necessar-
ily weighted identically in the order parameter. This asymmetric version of the K-S
model exhibits a much richer variety of steady-state dynamical behavior than the classic
symmetric version; in addition to stable synchronized states, the system may possess
multiple stable (N-1,1) states, in which all but one of the oscillators are in sync, as well
as multiple families of neutrally stable asynchronous states or closed orbits, in which no
two oscillators are in sync. We present an exhaustive description of the possible steady
state dynamical behaviors; our classification depends on the complex coefficients that
determine the order parameter. We use techniques from group theory and hyperbolic
geometry to reduce the dynamic analysis to a 2D flow on the unit disc, which has geo-
metric significance relative to the hyperbolic metric. The geometric-analytic techniques
we develop can in turn be applied to study even more general versions of Kuramoto
oscillator networks.
The Kuramoto-Sakaguchi coupled oscillator model is a famous, well-studied dynamical system that models the dy-
namics of a network of N identical coupled oscillators. In the classic formulation, all the oscillators are driven by
identical coupling to the system’s order parameter, which is just the average of the complex oscillator phases, multi-
plied by some complex coupling constant. We study a generalized version of the Kuramoto-Sakaguchi system, in which
the order parameter is now a complex-linear combination of the complex oscillator phases, but not necessarily with
identical coefficients. We analyzed the dynamics of this asymmetric K-S system, and found that it supports a much
richer variety of dynamical behaviors than the classic K-S model, which typically has steady state dynamics that are
completely synchronized or completely asynchronous with all oscillators out of sync with each other. The asymmetric
K-S model also can support multiple stable (N−1, 1) states, in which all but one of the oscillators are in sync, as well
as multiple families of neutrally stable asynchronous states or closed orbits. We introduce new group-theoretic and
geometric techniques to study the asymmetric K-S model, which effectively reduce the N -dimensional dynamics to a
2D flow on the unit disc, and use the natural hyperbolic geometry on the disc to study this flow. The techniques we
develop lead to a complete classification of the dynamics of the asymmetric K-S model in terms of the order parameter
coefficients, and can be used to study more general oscillator networks via a similar dimensional reduction. This also
builds a connection between the somewhat distant fields of oscillator network dynamics and hyperbolic geometry /
low-D complex dynamics.
I. INTRODUCTION
Our subject is the study of networks of Kuramoto oscillators, which are dynamical systems governed by equations
of the form
θ˙j = A+B cos θj + C sin θj , j = 1, . . . , N. (1)
Here θj is an angular variable (i.e. an element of R mod 2piZ) and the coefficients A,B,C are smooth functions
of (θ1, . . . , θN ). The state space for this system is the N -fold torus T
N = (S1)N . Kuramoto oscillator networks
often arise as idealized models of physical dynamical systems, like Josephson junction series arrays [1; 2], and also
as the result of averaging more complex dynamical systems [3]. Beginning with the original work of Kuramoto over
forty years ago [4], Kuramoto networks have been a very fertile research subject in applied dynamics [5]. When the
functions A,B,C are symmetric in the variables θj , we say the system is a network of identical Kuramoto oscillators;
any permutation of the components of a solution (θ1(t), . . . , θN (t)) results in another solution to the system. This is
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2the case for the famous Kuramoto-Sakaguchi (K-S) model, which has equations
θ˙j = ω +
K
N
N∑
k=1
sin(θk − θj + ψ)
= ω +
(
K
N
N∑
k=1
sin(θk + ψ)
)
cos θj −
(
K
N
N∑
k=1
cos(θk + ψ)
)
sin θj , j = 1, . . . , N ; ω,K,ψ constants.
(2)
In this paper we will investigate the dynamics of Kuramoto networks where the functions A,B,C are not symmetric
in the θj . As we shall see, dropping the symmetry assumption leads to a richer variety of dynamic behavior. The
focus of our work is a variation of the K-S model: the asymmetric K-S network given by
θ˙j = ω +
N∑
k=1
rk sin(θk − θj + ψk)
= ω +
(
N∑
k=1
rk sin(θk + ψk)
)
cos θj −
(
N∑
k=1
rk cos(θk + ψk)
)
sin θj , j = 1, . . . , N ; ω, rk, ψk constants.
(3)
The dynamics of this network are governed by its order parameter, which we can express in complex form, with
cj = aj + ibj = rje
iψj and zj = e
iθj , as
A =
N∑
j=1
cjzj . (4)
It turns out, broadly speaking, that the dynamics depend largely on the sum of the cj , which we denote by
c = a+ ib =
N∑
j=1
cj .
As we discussed in [6], the system (3) is invariant under the phase shift θj(t) 7→ θj(t) + θ0 for any constant θ0. Hence
we can identify states which are equal up to a phase shift, and reduce the dynamics to an (N−1, 1)-dimensional state
space, which is the torus TN−1. In this reduced state space, there is a unique state with all θj equal, which we refer
to as the sync state or just sync.
Our goal is to understand the generic long-term behavior of trajectories in the reduced state space, in forward and
backward time. Some terminology: an asynchronous state has all θj distinct; an (N−1, 1) state has all but one θj
equal. The first result, Theorem 1, is that if a > 0 then almost all trajectories in the reduced state space converge
in forward time to sync, and in backward time to an asynchronous state or to one of finitely many (N−1, 1) states.
The dynamics are similar if a < 0, except reversed in time. In the course of preparing this manuscript we learned
that this result was independently discovered by M. A. Lohe in [7], Lohe presents an argument that is essentially
correct, but has some subtle technical gaps which we address in the discussion following the proof of Theorem 1.
Our approach, which is different than in [7], is based on the correspondence between the system dynamics and a flow
on the hyperbolic disc with special attention to the behavior at the boundary circle. The geometric techniques we
develop in preparation for the proof of Theorem 1 also form the basis of the proofs of our subsequent Theorems 2-5.
The case a = 0 is covered in Theorem 2; then the system has Hamiltonian structure, and almost all trajectories in
the reduced state space are periodic or homoclinic connections to and from sync, with one exceptional case, which is if
at least one of the coefficients satisfies the condition bj = b/2. Then in addition to the behavior above, there also exists
a positive measure set of initial conditions with trajectories that converge in forward time to (N−1, 1) states (and
also a positive measure set of initial conditions with trajectories that converge in backward time to (N−1, 1) states).
We will also discuss three special cases of this system, where we can describe additional details of the dynamics: the
case c = 0, where the dynamics have both gradient and Hamiltonian structure; the case of real cj with c = 0, where
the dynamics flow along a 2D electrostatic field, and the case of real cj > 0, which includes the classic Kuramoto
model with all cj = K/N . The results are summarized in Table 1 in the Discussion section at the end of this paper.
The organization of this paper is as follows: We begin by summarizing some of our earlier work on Kuramoto
networks in [6], which exploits a connection to hyperbolic geometry to simplify the analysis of the network dynamics.
We will then derive some general properties of the system (3), and prove Theorems 1 and 2. After this we proceed
with the analysis of the special cases of (3) mentioned above, and conclude with some suggestions for future research.
3II. COMPLEX FORMULATION
It is desirable to express the system (1) in complex form, with zj = e
iθj . Let A = −C + iB; A is a complex-valued
function on TN which we define to be the order parameter for the system. Then using z˙j = izj θ˙j we obtain governing
equations
z˙j = iAzj + izjIm(Azj) = iAzj + 1
2
(A−Az2j ) , j = 1, . . . , N. (5)
The asymmetric Kuramoto-Sakaguchi system (3) has A = ω and order parameter A given by (4) above. We will
assume henceforth that the function A = ω and that the order parameter has this form.
III. REDUCTION TO 3D SYSTEM
In their seminal paper [8], Watanabe and Strogatz demonstrated that the trajectories for any system of the form
(1) are constrained to lie in submanifolds of the state space TN with dimension at most three. Subsequently, it was
shown that these submanifolds are the group orbits under a natural action of the Mo¨bius group G on the torus [9].
Here G is the 3D group of Mo¨bius transformations which preserve the unit disc ∆ (and hence its boundary S1). An
element M ∈ G can be expressed uniquely in the form
M(z) = ζ
z − w
1− wz , z ∈ C, (6)
where the parameters w and ζ satisfy |w| < 1 and |ζ| = 1. When ζ = 1, we denote the above Mo¨bius transformation
by Mw. If M ∈ G and p = (z1, . . . , zN ) ∈ TN then
Mp = (M(z1), . . . ,M(zN ))
defines the group action of G on TN . The group orbits are the sets Gp = {Mp | M ∈ G}.
Now fix a point p = (β1, . . . , βN ) ∈ TN , and assume that at least three of the βj are distinct. Then any point
(z1, . . . , zN ) in the group orbit Gp can be expressed in the form ζMwp for a unique choice of w ∈ ∆ and ζ ∈ S1. In
effect, w and ζ can be thought of as coordinates on the group orbit Gp. As derived in [6], the system (5) on Gp is
equivalent to the system in w and ζ given by
w˙ = −1
2
(1− |w|2)ζA(ζMwp)
ζ˙ = iA(ζMwp)ζ − 1
2
(
wA(ζMwp)− wA(ζMwp)ζ2
)
.
(7)
IV. REDUCTION TO 2D SYSTEM
When the order parameter function A has the form (4), we can cancel the ζ and ζ in the w˙ equation above, which
then simplifies to an equation in w alone:
w˙ = −1
2
(1− |w|2)A(Mwp) = −1
2
(1− |w|2)
N∑
j=1
cjMw(βj). (8)
The w variable determines a point on the group orbit Gp up to rotation by some ζ ∈ S1; in effect, w determines the
phase relations among the coordinates z1, . . . , zN .
More formally, if we identify p and ζp for any ζ ∈ S1, then the full state space for this reduced model is the
(N−1)-dimensional torus TN−1; the group orbits Gp under this identification give us reduced group orbits G˜p, which
are invariant under the reduced dynamics. In this reduced state space, sync is the unique fully synchronized state
represented by any p = (β, . . . , β). For a base point p with at least three distinct coordinates, its reduced G-orbit is
parametrized by w ∈ ∆, and equation (8) gives the dynamics on the reduced orbit. Fixed points in the reduced system
correspond to either fixed points or uniformly rotating solutions with constant phases in the original N -dimensional
system. Since we are primarily interested in how the phases among the coordinates evolve, we will henceforth make
this reduction and work with the 2D dynamical system given by (8).
Observe that changing the signs of all the cj in 8) is equivalent to reversing the direction of time for the system;
this time-reversal property will be used frequently in the sequel.
4V. BOUNDARY CORRESPONDENCE
Fix a base point p = (β1, . . . , βN ) with all βj distinct; then w ∈ ∆ parametrizes all possible phase configurations
in the reduced group orbit G˜p. We wish to describe what happens to these phase configurations as w approaches the
boundary of the disc. Suppose a sequence wn ∈ ∆ converges to some β ∈ S1, and β 6= βj for all j. Then
lim
n→∞Mwnp =
(
β1 − β
1− ββ1
, . . . ,
βN − β
1− ββN
)
= −β(1, . . . , 1),
which corresponds to the sync state in the reduced state space TN−1. However, if wn → βj for some j, then
limn→∞Mwnβj need not exist. To see this, suppose for example wn → β1. Write wn = (1 + irneiθn)β1, with rn > 0,
0 < θn < pi, so θn is the angle at which wn is approaching the boundary circle. Then
Mwn(β1) =
−irneiθnβ1
irne−iθn
= −e2iθnβ1.
Therefore limn→∞Mwnp exists iff limn→∞ θn = θ exists, and in this case
lim
n→∞Mwnp = −β1(e
2iθ, 1, . . . , 1).
Thus we see that if wn → βj for some j, and the approach angle is asymptotically θ, then the limiting configuration
of Mwnp in the reduced state space T
N−1 is the (N−1, 1) state in which the jth oscillator has phase 2θ relative to
the others in sync.
If all the coordinates βj are distinct, then this analysis shows that the boundary of the reduced G-orbit G˜p consists
of all (N−1, 1) states together with the sync state. This is topologically a union of N circles, all meeting at the sync
state. (If p does not have all distinct βj , then the boundary of G˜p will consist of r circles meeting at sync, where r is
the number of distinct βj , provided r ≥ 3. If r = 2 then the boundary is sync.) In the next section we describe the
dynamics on these boundary components, which are invariant for any system with order parameter given by (4).
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<latexit sha1_base64="2Lhm/666yL0OjilFaTc5Kfwj+J8="> AAACr3icbVHdbtMwGHXC3wh/BS658egqDakrcVcJJJg0aTfjBg1E10lNCZ8dpzNz7GA7aFXU1+MBuONtcJogwcYnRTk653zHyTEtpbA ujn8F4Y2bt27f2bob3bv/4OGj3uMnp1ZXhvEp01KbMwqWS6H41Akn+VlpOBRU8hm9OGr02XdurNDqk1uVfFHAUolcMHCeSns/BklB9W X9rlgnb1j69SCOBrR5DaMBpOQtvBw3BDnAtENDmu5v5ORbBRmGdDyEdNLs1Ynjl866leRJboDtj32maHKavNZOW2t76DEUQjqtBKh11 FJMG8NtqVVmsdPrP86d3ffJ9l6yTYbkxQ7m2ZJ7aW/iZcqdz097/XgUbwZfB6QDfdTNSdr7mWSaVQVXjkmwdk7i0i1qME4w6cOTyvIS2 AUs+dxDBQW3i3rT9xoPPJPhXBv/KIc37N8bNRTWrgrqnQW4c3tVa8j/afPK5a8XtVBl5bhi7UF5JX0TuLk8nAnDmZMrD4AZ4b8Vs3Pw VTt/xZEvgVz95evgdDwi8Yh8mPQPj7o6ttAz9BztIoJeoUN0jE7QFLFgGHwM5kESknAWfg6/tNYw6Haeon8mFL8Bk27JWA==</latex it><latexit sha1_base64="2Lhm/666yL0OjilFaTc5Kfwj+J8="> AAACr3icbVHdbtMwGHXC3wh/BS658egqDakrcVcJJJg0aTfjBg1E10lNCZ8dpzNz7GA7aFXU1+MBuONtcJogwcYnRTk653zHyTEtpbA ujn8F4Y2bt27f2bob3bv/4OGj3uMnp1ZXhvEp01KbMwqWS6H41Akn+VlpOBRU8hm9OGr02XdurNDqk1uVfFHAUolcMHCeSns/BklB9W X9rlgnb1j69SCOBrR5DaMBpOQtvBw3BDnAtENDmu5v5ORbBRmGdDyEdNLs1Ynjl866leRJboDtj32maHKavNZOW2t76DEUQjqtBKh11 FJMG8NtqVVmsdPrP86d3ffJ9l6yTYbkxQ7m2ZJ7aW/iZcqdz097/XgUbwZfB6QDfdTNSdr7mWSaVQVXjkmwdk7i0i1qME4w6cOTyvIS2 AUs+dxDBQW3i3rT9xoPPJPhXBv/KIc37N8bNRTWrgrqnQW4c3tVa8j/afPK5a8XtVBl5bhi7UF5JX0TuLk8nAnDmZMrD4AZ4b8Vs3Pw VTt/xZEvgVz95evgdDwi8Yh8mPQPj7o6ttAz9BztIoJeoUN0jE7QFLFgGHwM5kESknAWfg6/tNYw6Haeon8mFL8Bk27JWA==</latex it><latexit sha1_base64="2Lhm/666yL0OjilFaTc5Kfwj+J8="> AAACr3icbVHdbtMwGHXC3wh/BS658egqDakrcVcJJJg0aTfjBg1E10lNCZ8dpzNz7GA7aFXU1+MBuONtcJogwcYnRTk653zHyTEtpbA ujn8F4Y2bt27f2bob3bv/4OGj3uMnp1ZXhvEp01KbMwqWS6H41Akn+VlpOBRU8hm9OGr02XdurNDqk1uVfFHAUolcMHCeSns/BklB9W X9rlgnb1j69SCOBrR5DaMBpOQtvBw3BDnAtENDmu5v5ORbBRmGdDyEdNLs1Ynjl866leRJboDtj32maHKavNZOW2t76DEUQjqtBKh11 FJMG8NtqVVmsdPrP86d3ffJ9l6yTYbkxQ7m2ZJ7aW/iZcqdz097/XgUbwZfB6QDfdTNSdr7mWSaVQVXjkmwdk7i0i1qME4w6cOTyvIS2 AUs+dxDBQW3i3rT9xoPPJPhXBv/KIc37N8bNRTWrgrqnQW4c3tVa8j/afPK5a8XtVBl5bhi7UF5JX0TuLk8nAnDmZMrD4AZ4b8Vs3Pw VTt/xZEvgVz95evgdDwi8Yh8mPQPj7o6ttAz9BztIoJeoUN0jE7QFLFgGHwM5kESknAWfg6/tNYw6Haeon8mFL8Bk27JWA==</latex it><latexit sha1_base64="2Lhm/666yL0OjilFaTc5Kfwj+J8="> AAACr3icbVHdbtMwGHXC3wh/BS658egqDakrcVcJJJg0aTfjBg1E10lNCZ8dpzNz7GA7aFXU1+MBuONtcJogwcYnRTk653zHyTEtpbA ujn8F4Y2bt27f2bob3bv/4OGj3uMnp1ZXhvEp01KbMwqWS6H41Akn+VlpOBRU8hm9OGr02XdurNDqk1uVfFHAUolcMHCeSns/BklB9W X9rlgnb1j69SCOBrR5DaMBpOQtvBw3BDnAtENDmu5v5ORbBRmGdDyEdNLs1Ynjl866leRJboDtj32maHKavNZOW2t76DEUQjqtBKh11 FJMG8NtqVVmsdPrP86d3ffJ9l6yTYbkxQ7m2ZJ7aW/iZcqdz097/XgUbwZfB6QDfdTNSdr7mWSaVQVXjkmwdk7i0i1qME4w6cOTyvIS2 AUs+dxDBQW3i3rT9xoPPJPhXBv/KIc37N8bNRTWrgrqnQW4c3tVa8j/afPK5a8XtVBl5bhi7UF5JX0TuLk8nAnDmZMrD4AZ4b8Vs3Pw VTt/xZEvgVz95evgdDwi8Yh8mPQPj7o6ttAz9BztIoJeoUN0jE7QFLFgGHwM5kESknAWfg6/tNYw6Haeon8mFL8Bk27JWA==</latex it>
corresponds to sync
<latexit sha1_base64="w/OGH5bXNIyEh6e4o1x5tAeStf4=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBVUlE0GVBFy4r2Ae0oUw mk3boPMLMRCyh4MZfceNCEbf+hDv/xknMQlsPDBzOuZc754QJo9p43pdTWVpeWV2rrtc2Nre2d9zdvY6WqcKkjSWTqhciTRgVpG2oYaSXKIJ4yEg3nFzmfveOKE2luDXThAQcjQSNKUbGSkP3YMBDeZ9hqRTRiRSRhkZCPRV4NnTrXsMrABeJX5I6KNEaup+DSOKUE2EwQ1r3 fS8xQYaUoZiRWW2QapIgPEEj0rdUIE50kBUZZvDYKhGMpbJPGFiovzcyxLWe8tBOcmTGet7Lxf+8fmriiyCjIkkNsamKQ3HK8ph5ITCiimDDppYgrKj9K8RjpBA2traaLcGfj7xIOqcN32v4N2f15lVZRxUcgiNwAnxwDprgGrRAG2DwAJ7AC3h1Hp1n5815/xmtOOXOPvgD5 +Mb4rCYTQ==</latexit><latexit sha1_base64="w/OGH5bXNIyEh6e4o1x5tAeStf4=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBVUlE0GVBFy4r2Ae0oUw mk3boPMLMRCyh4MZfceNCEbf+hDv/xknMQlsPDBzOuZc754QJo9p43pdTWVpeWV2rrtc2Nre2d9zdvY6WqcKkjSWTqhciTRgVpG2oYaSXKIJ4yEg3nFzmfveOKE2luDXThAQcjQSNKUbGSkP3YMBDeZ9hqRTRiRSRhkZCPRV4NnTrXsMrABeJX5I6KNEaup+DSOKUE2EwQ1r3 fS8xQYaUoZiRWW2QapIgPEEj0rdUIE50kBUZZvDYKhGMpbJPGFiovzcyxLWe8tBOcmTGet7Lxf+8fmriiyCjIkkNsamKQ3HK8ph5ITCiimDDppYgrKj9K8RjpBA2traaLcGfj7xIOqcN32v4N2f15lVZRxUcgiNwAnxwDprgGrRAG2DwAJ7AC3h1Hp1n5815/xmtOOXOPvgD5 +Mb4rCYTQ==</latexit><latexit sha1_base64="w/OGH5bXNIyEh6e4o1x5tAeStf4=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBVUlE0GVBFy4r2Ae0oUw mk3boPMLMRCyh4MZfceNCEbf+hDv/xknMQlsPDBzOuZc754QJo9p43pdTWVpeWV2rrtc2Nre2d9zdvY6WqcKkjSWTqhciTRgVpG2oYaSXKIJ4yEg3nFzmfveOKE2luDXThAQcjQSNKUbGSkP3YMBDeZ9hqRTRiRSRhkZCPRV4NnTrXsMrABeJX5I6KNEaup+DSOKUE2EwQ1r3 fS8xQYaUoZiRWW2QapIgPEEj0rdUIE50kBUZZvDYKhGMpbJPGFiovzcyxLWe8tBOcmTGet7Lxf+8fmriiyCjIkkNsamKQ3HK8ph5ITCiimDDppYgrKj9K8RjpBA2traaLcGfj7xIOqcN32v4N2f15lVZRxUcgiNwAnxwDprgGrRAG2DwAJ7AC3h1Hp1n5815/xmtOOXOPvgD5 +Mb4rCYTQ==</latexit><latexit sha1_base64="w/OGH5bXNIyEh6e4o1x5tAeStf4=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBVUlE0GVBFy4r2Ae0oUw mk3boPMLMRCyh4MZfceNCEbf+hDv/xknMQlsPDBzOuZc754QJo9p43pdTWVpeWV2rrtc2Nre2d9zdvY6WqcKkjSWTqhciTRgVpG2oYaSXKIJ4yEg3nFzmfveOKE2luDXThAQcjQSNKUbGSkP3YMBDeZ9hqRTRiRSRhkZCPRV4NnTrXsMrABeJX5I6KNEaup+DSOKUE2EwQ1r3 fS8xQYaUoZiRWW2QapIgPEEj0rdUIE50kBUZZvDYKhGMpbJPGFiovzcyxLWe8tBOcmTGet7Lxf+8fmriiyCjIkkNsamKQ3HK8ph5ITCiimDDppYgrKj9K8RjpBA2traaLcGfj7xIOqcN32v4N2f15lVZRxUcgiNwAnxwDprgGrRAG2DwAJ7AC3h1Hp1n5815/xmtOOXOPvgD5 +Mb4rCYTQ==</latexit>
corresponds to (N 1, 1) states
<latexit sha1_base64="VEtoamw5XTXHlZehOduh1MlNmtE=">AAACGHicbVDLSgMxFM34rPVVdekmtQgKWmdE0GVBF66kgq1Cp5RMequhmWR I7ohl6Ge48VfcuFDEbXf+jelj4etA4HDOudzcEyVSWPT9T29qemZ2bj63kF9cWl5ZLayt161ODYca11Kbm4hZkEJBDQVKuEkMsDiScB11T4f+9T0YK7S6wl4CzZjdKtERnKGTWoWDMI70Q8a1MWATrdqWoqb9nYuwuB8Wg71gdxygFhmC7bcKJb/sj0D/kmBCSmSCaqswCNuapzEo5JJZ2wj8BJs ZMyi4hH4+TC0kjHfZLTQcVSwG28xGh/XptlPatKONewrpSP0+kbHY2l4cuWTM8M7+9obif14jxc5JMxMqSREUHy/qpHJ4+7Al2hYGOMqeI4wb4f5K+R0zjKPrMu9KCH6f/JfUD8uBXw4uj0qVs0kdObJJtsgOCcgxqZBzUiU1wskjeSav5M178l68d+9jHJ3yJjMb5Ae8wReUmp90</latexit><latexit sha1_base64="VEtoamw5XTXHlZehOduh1MlNmtE=">AAACGHicbVDLSgMxFM34rPVVdekmtQgKWmdE0GVBF66kgq1Cp5RMequhmWR I7ohl6Ge48VfcuFDEbXf+jelj4etA4HDOudzcEyVSWPT9T29qemZ2bj63kF9cWl5ZLayt161ODYca11Kbm4hZkEJBDQVKuEkMsDiScB11T4f+9T0YK7S6wl4CzZjdKtERnKGTWoWDMI70Q8a1MWATrdqWoqb9nYuwuB8Wg71gdxygFhmC7bcKJb/sj0D/kmBCSmSCaqswCNuapzEo5JJZ2wj8BJs ZMyi4hH4+TC0kjHfZLTQcVSwG28xGh/XptlPatKONewrpSP0+kbHY2l4cuWTM8M7+9obif14jxc5JMxMqSREUHy/qpHJ4+7Al2hYGOMqeI4wb4f5K+R0zjKPrMu9KCH6f/JfUD8uBXw4uj0qVs0kdObJJtsgOCcgxqZBzUiU1wskjeSav5M178l68d+9jHJ3yJjMb5Ae8wReUmp90</latexit><latexit sha1_base64="VEtoamw5XTXHlZehOduh1MlNmtE=">AAACGHicbVDLSgMxFM34rPVVdekmtQgKWmdE0GVBF66kgq1Cp5RMequhmWR I7ohl6Ge48VfcuFDEbXf+jelj4etA4HDOudzcEyVSWPT9T29qemZ2bj63kF9cWl5ZLayt161ODYca11Kbm4hZkEJBDQVKuEkMsDiScB11T4f+9T0YK7S6wl4CzZjdKtERnKGTWoWDMI70Q8a1MWATrdqWoqb9nYuwuB8Wg71gdxygFhmC7bcKJb/sj0D/kmBCSmSCaqswCNuapzEo5JJZ2wj8BJs ZMyi4hH4+TC0kjHfZLTQcVSwG28xGh/XptlPatKONewrpSP0+kbHY2l4cuWTM8M7+9obif14jxc5JMxMqSREUHy/qpHJ4+7Al2hYGOMqeI4wb4f5K+R0zjKPrMu9KCH6f/JfUD8uBXw4uj0qVs0kdObJJtsgOCcgxqZBzUiU1wskjeSav5M178l68d+9jHJ3yJjMb5Ae8wReUmp90</latexit><latexit sha1_base64="VEtoamw5XTXHlZehOduh1MlNmtE=">AAACGHicbVDLSgMxFM34rPVVdekmtQgKWmdE0GVBF66kgq1Cp5RMequhmWR I7ohl6Ge48VfcuFDEbXf+jelj4etA4HDOudzcEyVSWPT9T29qemZ2bj63kF9cWl5ZLayt161ODYca11Kbm4hZkEJBDQVKuEkMsDiScB11T4f+9T0YK7S6wl4CzZjdKtERnKGTWoWDMI70Q8a1MWATrdqWoqb9nYuwuB8Wg71gdxygFhmC7bcKJb/sj0D/kmBCSmSCaqswCNuapzEo5JJZ2wj8BJs ZMyi4hH4+TC0kjHfZLTQcVSwG28xGh/XptlPatKONewrpSP0+kbHY2l4cuWTM8M7+9obif14jxc5JMxMqSREUHy/qpHJ4+7Al2hYGOMqeI4wb4f5K+R0zjKPrMu9KCH6f/JfUD8uBXw4uj0qVs0kdObJJtsgOCcgxqZBzUiU1wskjeSav5M178l68d+9jHJ3yJjMb5Ae8wReUmp90</latexit>
corresponds to sync
<latexit sha1_base64="w/OGH5bXNIyEh6e4o1x5tAeStf4="> AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBVUlE0GVBFy4r2Ae0oUwmk3boPMLMRCyh4MZfceNCEbf+hDv/xknMQlsPDBzOuZc754QJo9 p43pdTWVpeWV2rrtc2Nre2d9zdvY6WqcKkjSWTqhciTRgVpG2oYaSXKIJ4yEg3nFzmfveOKE2luDXThAQcjQSNKUbGSkP3YMBDeZ9hq RTRiRSRhkZCPRV4NnTrXsMrABeJX5I6KNEaup+DSOKUE2EwQ1r3fS8xQYaUoZiRWW2QapIgPEEj0rdUIE50kBUZZvDYKhGMpbJPGFi ovzcyxLWe8tBOcmTGet7Lxf+8fmriiyCjIkkNsamKQ3HK8ph5ITCiimDDppYgrKj9K8RjpBA2traaLcGfj7xIOqcN32v4N2f15lVZRx UcgiNwAnxwDprgGrRAG2DwAJ7AC3h1Hp1n5815/xmtOOXOPvgD5+Mb4rCYTQ==</latexit><latexit sha1_base64="w/OGH5bXNIyEh6e4o1x5tAeStf4="> AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBVUlE0GVBFy4r2Ae0oUwmk3boPMLMRCyh4MZfceNCEbf+hDv/xknMQlsPDBzOuZc754QJo9 p43pdTWVpeWV2rrtc2Nre2d9zdvY6WqcKkjSWTqhciTRgVpG2oYaSXKIJ4yEg3nFzmfveOKE2luDXThAQcjQSNKUbGSkP3YMBDeZ9hq RTRiRSRhkZCPRV4NnTrXsMrABeJX5I6KNEaup+DSOKUE2EwQ1r3fS8xQYaUoZiRWW2QapIgPEEj0rdUIE50kBUZZvDYKhGMpbJPGFi ovzcyxLWe8tBOcmTGet7Lxf+8fmriiyCjIkkNsamKQ3HK8ph5ITCiimDDppYgrKj9K8RjpBA2traaLcGfj7xIOqcN32v4N2f15lVZRx UcgiNwAnxwDprgGrRAG2DwAJ7AC3h1Hp1n5815/xmtOOXOPvgD5+Mb4rCYTQ==</latexit><latexit sha1_base64="w/OGH5bXNIyEh6e4o1x5tAeStf4="> AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBVUlE0GVBFy4r2Ae0oUwmk3boPMLMRCyh4MZfceNCEbf+hDv/xknMQlsPDBzOuZc754QJo9 p43pdTWVpeWV2rrtc2Nre2d9zdvY6WqcKkjSWTqhciTRgVpG2oYaSXKIJ4yEg3nFzmfveOKE2luDXThAQcjQSNKUbGSkP3YMBDeZ9hq RTRiRSRhkZCPRV4NnTrXsMrABeJX5I6KNEaup+DSOKUE2EwQ1r3fS8xQYaUoZiRWW2QapIgPEEj0rdUIE50kBUZZvDYKhGMpbJPGFi ovzcyxLWe8tBOcmTGet7Lxf+8fmriiyCjIkkNsamKQ3HK8ph5ITCiimDDppYgrKj9K8RjpBA2traaLcGfj7xIOqcN32v4N2f15lVZRx UcgiNwAnxwDprgGrRAG2DwAJ7AC3h1Hp1n5815/xmtOOXOPvgD5+Mb4rCYTQ==</latexit><latexit sha1_base64="w/OGH5bXNIyEh6e4o1x5tAeStf4="> AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBVUlE0GVBFy4r2Ae0oUwmk3boPMLMRCyh4MZfceNCEbf+hDv/xknMQlsPDBzOuZc754QJo9 p43pdTWVpeWV2rrtc2Nre2d9zdvY6WqcKkjSWTqhciTRgVpG2oYaSXKIJ4yEg3nFzmfveOKE2luDXThAQcjQSNKUbGSkP3YMBDeZ9hq RTRiRSRhkZCPRV4NnTrXsMrABeJX5I6KNEaup+DSOKUE2EwQ1r3fS8xQYaUoZiRWW2QapIgPEEj0rdUIE50kBUZZvDYKhGMpbJPGFi ovzcyxLWe8tBOcmTGet7Lxf+8fmriiyCjIkkNsamKQ3HK8ph5ITCiimDDppYgrKj9K8RjpBA2traaLcGfj7xIOqcN32v4N2f15lVZRx UcgiNwAnxwDprgGrRAG2DwAJ7AC3h1Hp1n5815/xmtOOXOPvgD5+Mb4rCYTQ==</latexit>
FIG. 1 Points w in ∆ correspond to asynchronous states in TN−1. As w → β ∈ ∂∆, β 6= βj , the corresponding states in TN−1
approach sync; this also holds if w → βj tangentially. As w → βj at a fixed non-tangential angle φ, the corresponding states
in TN−1 approach the (N−1, 1) state with θj out of phase by 2φ.
The boundary correspondence is illustrated in Figure 1. A trajectory w(t) approaching a point on the boundary
of the disc distinct from any βj (or approaching a βj tangent to the boundary circle) corresponds to a trajectory
approaching sync in TN−1. A trajectory approaching a base point coordinate βj at a fixed angle φ corresponds a
trajectory to approaching the (N−1, 1) state with oscillator θj phase shifted by 2φ relative to the N − 1 synchronized
oscillators. We have shown previously [10] that any attracting or repelling states in TN−1 of a system of the form (5)
must be sync or (N−1, 1) states, which are the the common boundary of asynchronous G-orbits. So trajectories w(t)
approaching the boundary circle are particular particularly important to understanding the dynamics of (5).
VI. N = 2 DYNAMICS
The boundary dynamics for the system (3) correspond to the dynamics for the system 5) with N = 2, which is
z˙1 = i
(
ω + Im(Az1)
)
z1
z˙2 = i
(
ω + Im(Az2)
)
z2
5with z1, z2 ∈ S1 and A = s1z1 + s2z2 for constants s1, s2 ∈ C. Since we are mainly interested in the phase between
z1 and z2, we let ζ = z1z2 and analyze the dynamics of ζ. Note that if ζ˙ = 0, then Im(Az1) and Im(Az2) depend
only on the constant ζ, and must be equal; otherwise we can see from the above equations that the phase between z1
and z2 would change in time. So solutions to ζ˙ = 0 correspond to solutions (z1, z2) which are rotating at the same
constant angular velocity. The evolution equation for ζ is
ζ˙ = z˙1z2 + z1z˙2
= i
(
ω + Im(Az1)
)
ζ − i(ω + Im(Az2))ζ
= i Im
(
s1 + s2ζ − s1ζ − s2
)
ζ
= i Im
(
s1 + s2 − s1ζ − s2ζ
)
ζ
= i Im
(
(s1 + s2)(1− ζ)
)
ζ.
We see that ζ = 1, which corresponds to sync, is always a fixed point. If we express ζ = eiψ, then ψ˙ = −iζζ˙, and
we obtain the equivalent equation
ψ˙ = Im
(
(s1 + s2)(1− ζ)
)
= −Re(s1 + s2) sinψ + Im(s1 − s2)(1− cosψ). (9)
This flow always has fixed point ψ = 0, corresponding to sync, with eigenvalue −Re(s1 + s2). If Re(s1 + s2) 6= 0,
then there is an additional fixed point ψ∗ 6= 0 with opposite eigenvalue Re(s1 + s2); ψ = 0 is stable if Re(s1 + s2) > 0,
unstable if Re(s1 + s2) < 0, and ψ
∗ has the opposite stability. If s1 + s2 6= 0 but is pure imaginary, then ψ = 0 is the
only fixed point, and is attracting globally but not locally near ψ = 0 (the flow has the same direction everywhere
on the circle). The flow is identically 0 iff s1 + s2 = 0. We mention in passing that the uniformly rotating solutions
(z1, z2) corresponding to fixed states ζ usually do not have angular velocity equal to ω. For example, the sync solution
z1 = z2 has angular velocity ω + Im(s1 + s2), which is not equal to ω unless Im(s1 + s2) = 0.
For any partition ∼ of {1, 2, . . . , N} into two disjoint nonempty sets, the set of states p = (β1, . . . , βN ) where
βj = βk for j ∼ k is a 1D manifold in the reduced state space TN−1, invariant under the dynamics for any system
(3), and these 1D manifolds all meet at the sync state. The dynamics on these two-cluster manifolds are given by
the polar equation above, where ψ measures the phase difference between the two clusters; the appropriate values
of the coefficients s1, s2 are found by summing the cj over each of the two clusters. The tangent directions to these
1D invariant manifolds at ψ = 0 are eigenvectors for the linearization of the system at sync, and they span the full
tangent space at sync. Therefore we see from the polar equation above that the unique eigenvalue for the linearized
dynamics at sync is −Re(s1 + s2) = −Re c = −a. Consequently we see that the sync state in TN−1 is linearly stable
for a > 0, unstable for a < 0 and linearly neutral for a = 0. This is of course consistent with the much stronger result
of Theorem 1, that sync is globally stable when a > 0 and globally unstable when a < 0.
VII. FIXED POINT ANALYSIS
In this section we study the fixed points for the flow (8). We begin with a lemma which will be crucial to the proofs
of all our theorems.
Lemma 1. Assume that N ≥ 3 and at least three cj 6= 0. Then the flow on the disc given by (8) has at most
(N − 1)(N − 2) fixed points.
Proof. The details are easier to carry out if we transform the w˙ system to an equivalent system on the upper half
plane, via the Mo¨bius transformations
z = i
1− w
1 + w
, w = −z − i
z + i
which give a correspondence between the upper half plane H = {Im z > 0} and the disc ∆ = {|w| < 1}. (Notice that
6w = 0, 1,−1 correspond to z = i, 0,∞ respectively.) Then the w˙ flow transforms to
z˙ = dzdw w˙ = −
2i
(1 + w)2
−1
2
(1− |w|2)
N∑
j=1
cj
βj − w
1− wβj

=
i
2
(z + i)2
(
−1
2
· |z + i|
2 − |z − i|2
|z + i|2
) N∑
j=1
cj
βj +
z−i
z+i
1 + z+iz−iβj
= − i
4
(
z + i
z − i
)
· 4y ·
N∑
j=1
cj
(z + i)βj + z − i
z − i+ (z + i)βj ·
z − i
z + i
= −iy
N∑
j=1
cj
z − αj
z − αj , with z = x+ iy, αj = i
1− βj
1 + βj
∈ R.
(10)
So we must prove that the equation
N∑
j=1
cj
z − αj
z − αj = 0
has at most (N − 1)(N − 2) solutions z ∈ H. Let us assume without loss of generality that all cj 6= 0, and N ≥ 3.
Observe that
N∑
j=1
cj
z − αj
z − αj = 0 ⇐⇒
N∑
j=1
cj
z − z + z − αj
z − αj = 0
⇐⇒ (z − z)
N∑
j=1
cj
z − αj +
N∑
j=1
cj = 0
⇐⇒ (z − z)
N∑
j=1
cj
z − αj = c.
Let
F (z) =
N∑
j=1
cj
z − αj ,
which is a rational function in z with degree N . The equation for fixed points z ∈ H is equivalent to (z− z)F (z) = c.
Express
F (z) =
P (z)
Q(z)
, where Q(z) =
N∏
j=1
(z − αj)
and P (z) is a polynomial in z with degree at most N − 1. Since F (z) has poles at z = αj , P (z) and Q(z) have no
common factors. Note that
lim
z→∞ zF (z) = c = limz→∞
zP (z)
Q(z)
,
which shows that the degree of P (z) is exactly N − 1, unless c = 0 and then the degree is at most N − 2. Therefore
we are done if c = 0; the equation F (z) = 0 can have at most N − 2 roots in H.
If c 6= 0, then WLOG we can set c = 1 and rewrite the fixed point equation for z ∈ H in the form z − F (z)−1 = z.
Observe that
z − F (z)−1 = zP (z)−Q(z)
P (z)
;
both zP (z) and Q(z) are degree N monic polynomials, since limz→∞ zP (z)/Q(z) = 1. Therefore zP (z) − Q(z) has
degree at most N − 1. We also see that zP (z) − Q(z) and P (z) have no common factors, since any common factor
would also divide Q(z). Therefore z − F (z)−1 is a rational function with degree N − 1. Let
Φ(z) = z − F (z)−1,
7which is a rational function in z. Our fixed point equation is equivalent to Φ(z) = z for z ∈ H. Any fixed point for
the map Φ(z) is also a fixed point for the second iterate Φ2(z), which is a rational function in z with degree (N − 1)2,
and therefore has at most (N − 1)2 + 1 fixed points (a rational function of degree r ≥ 2 has at most r+ 1 fixed points
as a map of the extended complex plane Cˆ). The map Φ(z) has N fixed points at z = αj ∈ R, since F (z) has a pole
at z = αj . Therefore the number of fixed points z ∈ H is at most (N − 1)2 + 1−N = (N − 1)(N − 2).

We remark that the bound (N−1)(N−2) is far from sharp; using the Lefschetz fixed point theorem and some other
results from the theory of iterated rational maps [11], we can improve the bound to 4N − 10 (which coincidentally
agrees with the previous bound for N = 3, 4). Since we only need the finiteness of the number of fixed points, we
omit the proof, which would take us somewhat far afield.
The condition that at least three cj 6= 0 is necessary to insure finitely many fixed points; to see this, suppose only
c1, c2 6= 0 and all other cj = 0. Then the fixed points for (8) in the disc are given by an equation of the form
Mw(β2) = ξMw(β1)
for some nonzero ξ ∈ C. Since |Mw(β)| = 1 for any w ∈ ∆ and β ∈ S1, we see that we must have |ξ| = 1 to have
any solutions. We also must have ξ 6= 1 to have solutions, since the map Mw is one-to-one. For ξ ∈ S1, ξ 6= 1, the
equation above is the equation of a circular arc in ∆ joining the points β1 and β2. When ξ = −1, this arc is the
unique geodesic joining β1 and β2 for the hyperbolic metric on the disc, which we will discuss later. For other ξ,
these circular arcs form the family of curves of constant curvature joining β1 and β2, which are called hypercircles in
hyperbolic geometry.
Next, we study the linear stability of fixed points for the system (8). The choice of coordinate w depends on the
base point p ∈ TN , which without loss of generality we can choose so that p is a fixed point for the flow in the reduced
phase space TN−1. With this choice the flow (8) has fixed point at w = 0, and so
∑
cjβj = 0. To first order in w,
the flow is given by
w˙ = −1
2
N∑
j=1
cj(βj − w)(1 + wβj) = 1
2
(
cw − Z2w
)
, where Z2 =
N∑
j=1
cjβ
2
j .
If we write w = u+ iv, Z2 = X2 + iY2 and as usual c = a+ ib, then the 2D linear system for u˙, v˙ has matrix
M =
1
2
(
a−X2 −b− Y2
b− Y2 a+X2
)
,
which has trM = a, detM = 14 (|c|2 − |Z2|2), and eigenvalues
λ± =
a±√|Z2|2 − b2
2
. (11)
Now suppose a > 0; then the fixed point w = 0 must have at least one eigenvalue λ with Reλ > 0, and hence is a
repelling node or spiral, a saddle, or a non-hyperbolic fixed point with one positive and one zero eigenvalue. In the
first two cases there are respectively 0 or 2 trajectories w(t) that converge to the fixed point w = 0 as t→∞. In the
non-hyperbolic case with one λ = 0, if the fixed point at 0 is isolated (which is the case if at least three cj 6= 0) then
there are at most two trajectories w(t)→ 0 as t→∞ (see [12] Section 2.11, Theorem 1). Therefore assuming at least
three cj 6= 0, we can conclude that in all cases there are at most two trajectories w(t) that converge to the fixed point
0 as t→∞.
When a = 0 the eigenvalues have the form ±λ with λ either real or pure imaginary, so fixed points can never be
attracting in this case, and as we shall prove in the discussion preceding Theorem 2, can only attract finitely many
trajectories. The case a < 0 is equivalent to the case a > 0 with time reversed. The eigenvalues at the fixed point
w = 0 are completely determined by the quantities c and Z2. More generally, if w ∈ ∆ is a fixed point for the flow
(8), the eigenvalues at w are given by (11) with
Z2 = Z2(w) =
N∑
j=1
cjMw(βj)
2.
8Now we consider the question of constraints on the number and type of fixed points for (8). The equations for w
to be a fixed point for (8) with prescribed value Z2(w) = ξ are
N∑
j=1
cjMw(βj) = 0,
N∑
j=1
cjMw(βj)
2 = ξ.
Suppose we fix distinct wk ∈ ∆ and ξk ∈ C for k = 1, . . . , r, and also fix c = a+ ib. We wish to find coefficients cj
such that
∑
cj = c and (8) has fixed points at wk with Z2(wk) = ξk. This is a system of 2r + 1 linear equations in
the N coefficients cj :
N∑
j=1
cj = c,
N∑
j=1
cjMwk(βj) = 0,
N∑
j=1
cjMwk(βj)
2 = ξk, k = 1, . . . , r.
We claim this system has solutions cj if N ≥ 2r+ 1. To prove this, consider the associated homogeneous system with
N = 2r + 1. If we transform to the upper half plane, as we did in the proof of Lemma 2, with zk = i
1−wk
1+wk
∈ H,αj =
i
1−βj
1+βj
∈ R, then the homogeneous system in the cj is equivalent to
N∑
j=1
cj = 0,
N∑
j=1
cj
zk − αj
zk − αj = 0,
N∑
j=1
cj
(
zk − αj
zk − αj
)2
= 0, k = 1, . . . , r.
Using the identity
z − α
z − α = 1 +
z − z
z − α
together with
∑
cj = 0, we see that the homogeneous system is equivalent to the system
N∑
j=1
cj = 0,
N∑
j=1
cj
zk − αj = 0,
N∑
j=1
cj
(zk − αj)2 = 0, k = 1, . . . , r.
This implies that the rational function F (z) in Lemma 2 has F (zk) = F
′(zk) = 0 for k = 1, . . . , r, which implies that
its numerator P (z) has r double roots at the zk. If F (z) is not identically 0, then we must have 2r ≤ degP (z) ≤ N−2,
which is a contradiction. Hence F (z) is identically 0, which means that all cj = 0. Therefore the inhomogeneous
system has a unique solution for N = 2r + 1, and infinitely many solutions for N > 2r + 1. In other words, we can
find systems of the form (8) with as many fixed points as we desire, and can even prescribe the eigenvalues at the
fixed points as we like, within the constraints imposed by the form of the eigenvalue equation (11).
VIII. BOUNDARY FLOW ANALYSIS
To fully understand the dynamics of (8), we need to analyze the flow near the boundary of the disc ∆. Consider
first any point β ∈ S1 which is distinct from any of the βj . Near β, the trajectories are the same curves as for the
modified flow without the factor (1/2)(1− |w|2), given by
w˙ = −
N∑
j=1
cj
βj − w
1− wβj .
This modified flow extends to a smooth flow on any open subset of C which excludes the βj . If |w| = 1, then
w˙ = −w
N∑
j=1
cj
wβj − 1
1− wβj = cw.
So we see that if a = Re c > 0, then this flow points outwards and crosses the circle at every point β 6= βj . Hence
the original w˙ flow will have a unique trajectory converging in forward time to each β 6= βj . If w is a point on this
trajectory, then the forward limit set Ω+(w) must be the single point {β}. Similarly if a < 0, then there is a unique
9trajectory converging in backward time to each β 6= βj . We also see that if a = 0 but b = Im c 6= 0, then no trajectory
can converge in forward or backward time to any β 6= βj , since the modified flow has trajectories along the arcs of
the circle obtained by removing the βj .
Next, we analyze the flow near the βj . As in the proof of Lemma 1, it is easier to transform the system to the upper
half plane H and study the z˙ equation (10). Assume WLOG that β1 = 1, so α1 = 0 and the remaining αj 6= 0. We
wish to analyze the flow near z = 0, and to do this we will employ the polar representation z = reiθ, where 0 ≤ θ ≤ pi.
We see that
z˙z = −iy
c1z + z N∑
j=2
cj
z − aj
z − aj ,

= −iy
(
c1z + (c− c1)z +O(r2)
)
= y
(−icx+ (2c1 − c)y +O(r2), )
(12)
where O(r2) represents sums of terms of the form rk cosmθ, rk sinnθ with k ≥ 2. Using the polar conversions
rr˙ = Re(z˙z), r2θ˙ = Im(z˙z),
we get the equivalent polar system
r˙ = r sin θ
(
b cos θ + (2a1 − a) sin θ +O(r)
)
θ˙ = sin θ
(−a cos θ + (2b1 − b) sin θ +O(r)). (13)
When r = 0, the equation for θ˙ can be written in the form
2θ˙ = −a sin 2θ + (2b1 − b)(1− cos 2θ),
which is equivalent to (9) if we let ψ = 2θ and s1 = c1, s2 = c− c1. This makes sense, because the points with r = 0
correspond to the points on the (N−1, 1) boundary component with all oscillators in sync except the first. This
equation has a unique fixed point θ∗ ∈ (0, pi), defined by
tan θ∗ =
a
2b1 − b ,
provided a 6= 0. (There are no solutions in (0, pi) if a = 0, unless we also have 2b1 − b = 0; in this case, θ˙ = 0 for
all θ ∈ (0, pi).) As we saw earlier, when a 6= 0, the fixed point θ = 0 has eigenvalue −a and the fixed point θ∗ has
eigenvalue a, in the direction along the interval with r = 0. The linearization of the r˙ equation at r = 0, θ = θ∗ is
r˙ = r sin θ∗
(
b cos θ∗ + (2a1 − a) sin θ∗
)
= r sin θ∗
(
b
(
2b1 − b
a
)
sin θ∗ + (2a1 − a) sin θ∗
)
=
r sin2 θ∗
a
(
b(2b1 − b) + a(2a1 − a)
)
=
r sin2 θ∗
a
(
2 Re(cc1)− |c|2
)
,
(14)
which is independent of θ.
Now suppose a > 0. Then the fixed point r, θ = 0, θ∗ has positive eigenvalue a, so must be a repelling node,
a saddle, or a non-hyperbolic fixed point with exactly one non-zero eigenvalue. If we assume that at least three
cj 6= 0, then this fixed point is isolated. If it is a repelling node then no trajectory z(t) converges to the fixed point in
forward time. A saddle has two attracting trajectories, but they must be on opposite sides of the repelling trajectories
(unstable manifolds) along the θ axis, so there is one attracting trajectory with r > 0. If the fixed point has a zero
eigenvalue, it must be a repelling node, topological saddle or saddle-node (see [12] Section 2.11, Theorem 1), and in
each case has at most one attracting trajectory with r > 0. Therefore in all cases there is at most one trajectory
converging to this fixed point in forward time. In backward time, a set of initial conditions with positive measure
will converge to this fixed point if it is a repelling node; no trajectories converge to this fixed point if it is a saddle or
topological saddle (the unstable manifolds have r = 0), and at most a single trajectory with r > 0 can converge to
the fixed point if it is a saddle-node. These results will be crucial for the proof of Theorem 1.
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IX. HYPERBOLIC GEOMETRY AND THE GRADIENT AND HAMILTONIAN CONDITIONS
The factor 1 − |w|2 in the w˙ equation (8) suggests that this flow has connections to hyperbolic geometry. The
Poincare model for hyperbolic geometry on the unit disc ∆ has metric
ds =
2|dw|
1− |w|2 .
This metric is conformal with the Euclidean metric (i.e. angle measures agree), has constant negative curvature −1,
and its geodesics are lines or arcs of circles which meet the boundary in 90o angles. Since the reduced G-orbits are in
one-to-one correspondence with ∆ via the coordinate w, we can transfer this metric to the reduced G-orbits. In fact,
as shown in [6], this metric on the reduced G-orbits is independent of the choice of base point.
In 2D Riemannian geometry the simplest flows are given by gradient and Hamiltonian vector fields. A gradient
vector field has the form ∇Φ for some smooth real function Φ, where the gradient is defined in terms of the Riemannian
metric. A Hamiltonian flow is the 90o rotation of a gradient field ∇Φ, and therefore has Φ as a conserved quantity.
The hyperbolic gradient of a function Φ(w) in complex form is given by
∇hypΦ(w) = λ−2∇eucΦ(w) = 2λ−2 ∂Φ
∂w
,
where λ = 2(1− |w|2)−1 is the hyperbolic metric factor, ∇euc is the ordinary Euclidean gradient and
∂
∂w
=
1
2
(
∂
∂u
+ i
∂
∂v
)
, w = u+ iv.
In Ref [6] we derived criteria for the w˙ flow to be gradient or Hamiltonian: define the differential operator D on the
torus TN with coordinates zj ∈ S1 by
D =
∂
∂z1
+ · · ·+ ∂
∂zn
.
Then the w˙ flow is gradient for the hyperbolic metric on all reduced G orbits iff ImDA = 0 everywhere on TN , and
similarly is Hamiltonian iff ReDA = 0 everywhere on TN . For the asymmetric Kuramoto-Sakaguchi model with
order parameter (4), these conditions reduce to
gradient ⇐⇒ b = 0
Hamiltonian ⇐⇒ a = 0
In particular, we see that the symmetric K-S model, which has all cj = Ke
iψ/N , is gradient iff ψ = 0 or pi, and
Hamiltonian iff ψ = ±pi/2 (as first pointed out in Ref. [8]).
We showed in [6] that the w˙ flow for the symmetric K-S model with K = 1, ψ = 0 is the hyperbolic gradient flow
for the function
Φ(w) = − log(1− |w|2) + 2
N
N∑
j=1
log |w − βj |.
It is not hard to modify this function to find the corresponding potential for the asymmetric case, assuming c = a is
real. Observe first that
∇hyp log(1− |w|2) = 1
2
(1− |w|2)2 ∂
∂w
log(1− ww) = −1
2
w(1− |w|2).
We will need the identity
1
w − β = −(1− |w|
2)−1(w +Mw(β)),
which follows from
Mw(β) =
β − w
1− wβ =
1− w(β − w)− |w|2
β − w = −w +
1− |w|2
β − w .
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Using this, we see that
∇hyp log |w − β| = 1
4
(1− |w|2)2 ∂
∂w
(
log(w − β) + log(w − β))
=
1
4
(1− |w|2)2 1
w − β = −
1
4
(1− |w|2)(w +Mw(β)).
Since log(w − β) = log |w − β|+ i arg(w − β) is holomorphic, ∇hyp log(w − β) = 0, and therefore
∇hyp arg(w − β) = i∇hyp log |w − β| = − i
4
(1− |w|2)(w +Mw(β)).
Using these ingredients, we can easily assemble a potential function Φ for the w˙ flow when c is real; using cj = aj+ibj ,
we see that
Φ(w) = −a log(1− |w|2) + 2
N∑
j=1
aj log |w − βj |+ bj arg(w − βj)
= −a log(1− |w|2) + 2 Re
N∑
j=1
cj log(w − βj)
satisfies
∇hypΦ(w) = −1
2
(1− |w|2)
N∑
j=1
cjMw(βj),
as desired.
Now suppose c = a + ib is not real; then we can express c = eiψ|c|, and find a potential Φ for the w˙ flow with
coefficients e−iψcj . Then the original w˙ flow can be expressed as a “twisted” gradient flow:
w˙ = eiψ∇hypΦ(w).
The quantity Φ(w) is now strictly increasing or decreasing along all non-trivial trajectories, unless ψ = ±pi/2; this is
because
Φ˙(w) = 〈∇hypΦ(w), w˙〉hyp = 〈∇hypΦ(w), eiψ∇hypΦ(w)〉hyp = cosψ||∇hypΦ(w)||2hyp.
When ψ = ±pi/2, the quantity Φ(w) is conserved, and the flow has Hamiltonian ±Φ.
X. DYNAMICS OF THE ASYMMETRIC K-S MODEL: GENERAL CASE
The gradient / Hamiltonian structure described above makes it possible to give a fairly complete description of the
dynamics of the asymmetric K-S model (3) in the general case, which we state and prove in Theorem 1 in this section.
The key ingredient is the potential function Φ constructed in the previous section. We will use the following lemma
several times going forward.
Lemma 2. Suppose w˙ = f(w) is a smooth flow on the disc ∆ which has finitely many fixed points w∗ ∈ ∆, and
there is a smooth function Φ on ∆ such that Φ˙ > 0 along all trajectories except fixed points. Then for all w ∈ ∆, the
forward or backward limit set Ω+(w),Ω−(w) is either a single fixed point w∗ ∈ ∆ or is completely contained in the
boundary circle S1.
Proof. Let w ∈ ∆ and assume w is not a fixed point. The forward limit set Ω+(w) in the closed disc ∆ is nonempty,
compact, connected and forward and backward invariant. Suppose Ω+(w) is not completely contained in S
1; let
w′ ∈ Ω+(w) ∩∆. Then Φ(w(t)) < Φ(w′) for all points w(t) on the trajectory of w, and
Φ(w′) = lim
t→∞Φ(w(t)).
If w′ is not a fixed point for the flow, then any forward time evolution w′′ of w′ must also have
Φ(w′′) = lim
t→∞Φ(w(t)),
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which is impossible since Φ(w′) < Φ(w′′). Hence Ω+(w) ∩ ∆ must consist of finitely many fixed points in ∆; since
Ω+(w) is connected, this implies Ω+(w) = {w∗} for a single fixed point w∗. Clearly the same argument applies for
the backward limit sets Ω−(w).

Now we ready for the first main result in this paper. Note that the dynamics for the case a = Re c < 0 are exactly
the time reversal of the case for a > 0.
Theorem 1. Consider the system (3) with a = Re c > 0. Then almost all trajectories in the reduced state space
TN−1 converge in forward time to sync and in backward time to a fully asynchronous state, or to one of finitely many
(N−1, 1) states.
Proof. The result has been established above for N = 2, so assume N ≥ 3. Choose any base point p whose
coordinates βj are all distinct. Assume first that at least three of the cj are not 0. By Lemma 1, the associated w˙
flow (8) has finitely many fixed points in ∆. Since a > 0, our fixed point analysis above shows that none of these can
be attracting, and each can attract at most two trajectories. Let w ∈ ∆ and consider the forward limit set Ω+(w). If
w is on one of the finitely many trajectories converging to a fixed point w∗ in the disc, then Ω+(w) = {w∗}; otherwise
by Lemma 2, Ω+(w) must be completely contained in the boundary S
1. Suppose β ∈ Ω+(w), and β 6= βj . Our
analysis above of the dynamics near the boundary showed that then we must have Ω+(w) = {β}; this implies that
the corresponding trajectory in G˜p converges to sync.
The only other possibility in light of Lemma 2 is that Ω+(w) = {βj} for some j; in other words, the trajectory
w(t) → βj as t → ∞. Let us convert this to a trajectory z(t) in the upper half plane satisfying the equations (12).
We claim that there is at most one trajectory z(t) in the upper half plane that converges to 0; this proves that the w˙
flow has at most one trajectory converging to each of the βj . Suppose limt→∞ z(t) = 0; then the corresponding polar
coordinate r(t) → 0 as t → ∞. Since a > 0, the θ˙ flow on the interval (0, pi) given by (13) for r = 0 has a unique
fixed point θ∗j . Let (θ0, θ1) ⊂ (0, pi) be any interval containing θ∗j . Since r(t) → 0, for t sufficiently large the θ˙ flow
on the intervals (0, θ0] and [θ1, pi) converges to 0 and pi respectively. This means that θ(t) must converge to 0 or pi,
or remain in (θ0, θ1) as t → ∞. Since (θ0, θ1) was arbitrary, in the latter case we have θ(t) → θ∗j . Now if θ(t) → 0
or pi, which are hyperbolic attracting fixed points for the 1D θ˙ flow, then sin θ(t) is dominated by some decreasing
exponential function Ke−µt for some K,µ > 0 as t → ∞. Then the r˙ equation in (13) is dominated by K ′re−µt for
some other constant K ′ > 0. Integrating the inequality −r˙ ≤ K ′re−µt from 0 to t gives
− log r(t) ≤ − log r(0) +K ′
(
1− e−µt
µ
)
,
but this implies that r(t) does not decay to 0 as t→∞. Hence we must have θ(t)→ θ∗j . As we saw from the boundary
flow analysis above, the fixed point r, θ = 0, θ∗j can attract at most one trajectory (r(t), θ(t)). This establishes the
claim.
So we see that for any general base point p, all but finitely many trajectories on the reduced G-orbit G˜p converge in
forward time to the sync state, which proves the forward time assertion in the theorem. Now let’s consider backward
limit sets Ω−(w) for the w˙ flow. Clearly no trajectory w(t) can converge to a boundary point β 6= βj as t→ −∞, since
the modified w˙ flow, obtained by removing the scaling factor 1− |w|2, points outwards along the circle away from the
βj . Therefore we must have Ω−{w} = {w∗} for some fixed point w∗ ∈ ∆, or Ω−{w} = {βj} for some j. In the first
case, the corresponding trajectory on G˜p is converging to a fully asynchronous state as t→ −∞. In the second case,
the corresponding polar trajectory r(t), θ(t) has r(t) → 0 as t → −∞. An argument similar to the one above shows
that θ(t)→ θ∗j as t→ −∞: we can rule out θ(t)→ 0 or pi as t→ −∞, because then the corresponding trajectory on
G˜p converges to sync in backward time; this can’t happen because sync is attracting. This shows that all trajectories
in G˜p converge in backward time to a fully asynchronous state or to one of the (N−1, 1) states corresponding to the
θ∗j .
Finally, we consider the case where at most two of the cj , say c1 and c2, are not 0. All the arguments above
go through, unless |c1|2 = |c2|2 and the flow (8) has a circular arc of fixed points joining β1 and β2. Assume
β1 = 1, β2 = −1 and convert the flow to an equivalent flow on the upper half plane, as we did above in the boundary
flow analysis. Then α1 = 0, α2 = ∞ and the flow for z ∈ H is given by z˙z = −iy(c1z + c2). The equivalent polar
system is
r˙ = r sin θ
(
b cos θ + (a1 − a2) sin θ
)
θ˙ = sin θ
(−a cos θ + (b1 − b2) sin θ). (15)
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The θ˙ equation has no r dependence, and has a unique repelling fixed point θ∗ ∈ (0, pi). The relation |c1|2 = |c2|2 is
equivalent to the relation
a(a1 − a2) = −b(b1 − b2),
which implies that ar˙/r = −bθ˙, and so the flow has fixed points along the ray θ = θ∗. Integrating this relation gives
r(t) = r(0) exp
(−(b/a)(θ(t)− θ(0)).
Since a > 0, θ(t) → 0 or pi as t → ∞ unless θ(0) = θ∗, and θ(t) → θ∗ as t → −∞. From this we see that r(t)
converges to some positive number as t → ±∞. All trajectories z(t) off the ray of fixed points converge in forward
time to some nonzero point on the real axis, and in backward time to some point on the ray of fixed points. Hence
almost all trajectories in G˜p converge to sync in forward time and to some asynchronous state in backward time. This
completes the proof.

In [7], Lohe proves (in our notation) that when a 6= 0, |w(t)| converges; from this it is deduced that in fact |w(t)|
converges. This ignores the possibility that the limit set of the trajectory could be a circle of fixed points in the
interior of the disc, or the boundary circle. Our Lemma 1 precludes the first possibility, and our analysis of the flow
near the boundary precludes the second. In addition, Lohe asserts that if |w(t)| → 1 the corresponding trajectory in
TN−1 goes to sync. This does not hold if w(t) → βj non-tangentially, so one must rule out the possibility that a set
positive measure of trajectories converge to some βj , which we did in our analysis of the flow at the boundary.
As we saw earlier, the (N−1, 1) states corresponding to the angles θ∗j do not depend on the choice of the base point;
nor do the eigenvalues governing their stability. If one of these (N−1, 1) fixed points is repelling, which happens if
2 Re(ccj) > |c|2, then this fixed point has a t → −∞ basin with positive measure in the reduced state space TN−1.
The asynchronous fixed points corresponding to fixed points w∗ ∈ ∆ do depend on the base point p; since these are
in the interior of the reduced G-orbits, they will form codimension two families of fixed points, which are neutrally
stable in N − 3 directions.
In Figure 2 we contrast the w˙ field for the symmetric Kuramoto model with the w˙ field for an asymmetric model
exhibiting more complicated dynamics consistent with Theorem 1. We choose a = 1 (so sync is stable), N = 4 and
base point p = (1, i,−1,−i) for simplicity. The first panel is for the classic model with all cj = 14 , which has a repelling
fixed point at w = 0. The second panel is for an example with unequal cj chosen to give the maximum number 6
of fixed points in the disc: 3 are saddles (blue dots) and 4 are repellors (cyan dots). In both examples almost all
trajectories converge in forward time to some point on the boundary circle distinct from the βj ; the corresponding
trajectories in TN−1 converge to sync. In backward time, trajectories with white background converge to a repellor
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cj :
<latexit sha1_base64="JRiirpY7GL2HNdYQ/2iD 0LiYEao=">AAAB63icbVA9SwNBEJ2NXzF+RS1tlgTBKtzZKFYBG8sI5gOSI+xt9pI1u3vH7p4QjnTWNhaK 2Fj4h+z8N+4lKTTxwcDjvRlm5oWJ4MZ63jcqrK1vbG4Vt0s7u3v7B+XDo5aJU01Zk8Yi1p2QGCa4Yk3LrW CdRDMiQ8Ha4fg699sPTBseqzs7SVggyVDxiFNic4n276/65apX82bAq8RfkGq98vEIDo1++as3iGkqmbJUE GO6vpfYICPacirYtNRLDUsIHZMh6zqqiGQmyGa3TvGpUwY4irUrZfFM/T2REWnMRIauUxI7MsteLv7ndVM bXQYZV0lqmaLzRVEqsI1x/jgecM2oFRNHCNXc3YrpiGhCrYun5ELwl19eJa3zmu/V/FuXRh3mKMIJVOAMf LiAOtxAA5pAYQRP8AKvSKJn9Ibe560FtJg5hj9Anz/O6o+J</latexit><latexit sha1_base64="ILCMLy67DqrI/sjYqXWu MQkxj/A=">AAAB63icbVA9SwNBEJ2LXzF+RS0FWRIEq3Bno1gFbCwjmA9IjrC3t5es2d07dveEcKSyt7FQ xMbCP2TnT7FzL0mhiQ8GHu/NMDMvSDjTxnW/nMLK6tr6RnGztLW9s7tX3j9o6ThVhDZJzGPVCbCmnEnaNM xw2kkUxSLgtB2MrnK/fU+VZrG8NeOE+gIPJIsYwSaXSP/usl+uujV3CrRMvDmp1ivvD9/HYdzolz97YUxSQ aUhHGvd9dzE+BlWhhFOJ6VeqmmCyQgPaNdSiQXVfja9dYJOrBKiKFa2pEFT9fdEhoXWYxHYToHNUC96ufi f101NdOFnTCapoZLMFkUpRyZG+eMoZIoSw8eWYKKYvRWRIVaYGBtPyYbgLb68TFpnNc+teTc2jTrMUIQjq MApeHAOdbiGBjSBwBAe4RleHOE8Oa/O26y14MxnDuEPnI8fXfuRcg==</latexit><latexit sha1_base64="ILCMLy67DqrI/sjYqXWu MQkxj/A=">AAAB63icbVA9SwNBEJ2LXzF+RS0FWRIEq3Bno1gFbCwjmA9IjrC3t5es2d07dveEcKSyt7FQ xMbCP2TnT7FzL0mhiQ8GHu/NMDMvSDjTxnW/nMLK6tr6RnGztLW9s7tX3j9o6ThVhDZJzGPVCbCmnEnaNM xw2kkUxSLgtB2MrnK/fU+VZrG8NeOE+gIPJIsYwSaXSP/usl+uujV3CrRMvDmp1ivvD9/HYdzolz97YUxSQ aUhHGvd9dzE+BlWhhFOJ6VeqmmCyQgPaNdSiQXVfja9dYJOrBKiKFa2pEFT9fdEhoXWYxHYToHNUC96ufi f101NdOFnTCapoZLMFkUpRyZG+eMoZIoSw8eWYKKYvRWRIVaYGBtPyYbgLb68TFpnNc+teTc2jTrMUIQjq MApeHAOdbiGBjSBwBAe4RleHOE8Oa/O26y14MxnDuEPnI8fXfuRcg==</latexit><latexit sha1_base64="0QcO1CSoPlr7hVigBkgV w9jclYo=">AAAB63icbVA9SwNBEJ3zM8avqKXNYhCswp2NYhWwsYxgPiA5wt5mLlmzu3fs7gkh5C/YWChi 6x+y89+4l1yhiQ8GHu/NMDMvSgU31ve/vbX1jc2t7dJOeXdv/+CwcnTcMkmmGTZZIhLdiahBwRU2LbcCO6 lGKiOB7Wh8m/vtJ9SGJ+rBTlIMJR0qHnNGbS6x/uNNv1L1a/4cZJUEBalCgUa/8tUbJCyTqCwT1Jhu4Kc2n FJtORM4K/cygyllYzrErqOKSjThdH7rjJw7ZUDiRLtSlszV3xNTKo2ZyMh1SmpHZtnLxf+8bmbj63DKVZp ZVGyxKM4EsQnJHycDrpFZMXGEMs3drYSNqKbMunjKLoRg+eVV0rqsBX4tuPer9XoRRwlO4QwuIIArqMMdN KAJDEbwDK/w5knvxXv3Phata14xcwJ/4H3+AL44jgI=</latexit>
 j :
<latexit sha1_base64="rB72NJG6Ao8LQgijUcQjEXfq dmk=">AAAB73icbVDJSgNBEK1xjXGLevTSJAiewowXxVPAi8cIZoEkhJ5OTdKmZ7G7RghDbn6BFw+K6NHf8ebf2FkO mvig4PFeFVX1/ERJQ6777aysrq1vbOa28ts7u3v7hYPDuolTLbAmYhXrps8NKhlhjSQpbCYaeegrbPjDq4nfeEBtZB zd0ijBTsj7kQyk4GSlZttH4t27y26h5JbdKdgy8eakVCl+PIJFtVv4avdikYYYkVDcmJbnJtTJuCYpFI7z7dRgwsWQ 97FlacRDNJ1seu+YnVilx4JY24qITdXfExkPjRmFvu0MOQ3MojcR//NaKQUXnUxGSUoYidmiIFWMYjZ5nvWkRkFqZA kXWtpbmRhwzQXZiPI2BG/x5WVSPyt7btm7sWlUYIYcHEMRTsGDc6jANVShBgIUPMELvDr3zrPz5rzPWlec+cwR/IHz +QPRMpFG</latexit><latexit sha1_base64="t9LYyUS+lKLvgUMoGhPrdgqi Yz0=">AAAB73icbVA9SwNBEN3zM8avqKUgS4JgFe5sFKuAjWUE8wFJCHt7c8mavb1zd04IRyr/gY2FIlr6d+z8KXZu PgpNfDDweG+GmXl+IoVB1/1ylpZXVtfWcxv5za3tnd3C3n7dxKnmUOOxjHXTZwakUFBDgRKaiQYW+RIa/uBy7DfuQR sRqxscJtCJWE+JUHCGVmq2fUDWvb3oFkpu2Z2ALhJvRkqV4vvD91EQV7uFz3YQ8zQChVwyY1qem2AnYxoFlzDKt1MD CeMD1oOWpYpFYDrZ5N4RPbZKQMNY21JIJ+rviYxFxgwj33ZGDPtm3huL/3mtFMPzTiZUkiIoPl0UppJiTMfP00Bo4C iHljCuhb2V8j7TjKONKG9D8OZfXiT107Lnlr1rm0aFTJEjh6RITohHzkiFXJEqqRFOJHkkz+TFuXOenFfnbdq65Mxm DsgfOB8/YEOTLw==</latexit><latexit sha1_base64="t9LYyUS+lKLvgUMoGhPrdgqi Yz0=">AAAB73icbVA9SwNBEN3zM8avqKUgS4JgFe5sFKuAjWUE8wFJCHt7c8mavb1zd04IRyr/gY2FIlr6d+z8KXZu PgpNfDDweG+GmXl+IoVB1/1ylpZXVtfWcxv5za3tnd3C3n7dxKnmUOOxjHXTZwakUFBDgRKaiQYW+RIa/uBy7DfuQR sRqxscJtCJWE+JUHCGVmq2fUDWvb3oFkpu2Z2ALhJvRkqV4vvD91EQV7uFz3YQ8zQChVwyY1qem2AnYxoFlzDKt1MD CeMD1oOWpYpFYDrZ5N4RPbZKQMNY21JIJ+rviYxFxgwj33ZGDPtm3huL/3mtFMPzTiZUkiIoPl0UppJiTMfP00Bo4C iHljCuhb2V8j7TjKONKG9D8OZfXiT107Lnlr1rm0aFTJEjh6RITohHzkiFXJEqqRFOJHkkz+TFuXOenFfnbdq65Mxm DsgfOB8/YEOTLw==</latexit><latexit sha1_base64="X+NDtQAvgJk5WvHH3oZ6un7t J+k=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKex6UTwFvHiMYB6QhDA76U3GzD6c6RXCkp/w4kERr/6ON//GSbIH TSxoKKq66e7yEyUNue63U1hb39jcKm6Xdnb39g/Kh0dNE6daYEPEKtZtnxtUMsIGSVLYTjTy0FfY8sc3M7/1hNrIOL qnSYK9kA8jGUjByUrtro/E+w/X/XLFrbpzsFXi5aQCOer98ld3EIs0xIiE4sZ0PDehXsY1SaFwWuqmBhMuxnyIHUsj HqLpZfN7p+zMKgMWxNpWRGyu/p7IeGjMJPRtZ8hpZJa9mfif10kpuOplMkpSwkgsFgWpYhSz2fNsIDUKUhNLuNDS3s rEiGsuyEZUsiF4yy+vkuZF1XOr3p1bqdXyOIpwAqdwDh5cQg1uoQ4NEKDgGV7hzXl0Xpx352PRWnDymWP4A+fzB8CA j78=</latexit> ,
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<latexit sha1_base64="JRiirpY7GL2HNdYQ/2iD0LiYEao=">AAAB63icbVA9SwNBEJ2NXzF+RS1tlgT BKtzZKFYBG8sI5gOSI+xt9pI1u3vH7p4QjnTWNhaK2Fj4h+z8N+4lKTTxwcDjvRlm5oWJ4MZ63jcqrK1vbG4Vt0s7u3v7B+XDo5aJU01Zk8Yi1p2QGCa4Yk3LrWCdRDMiQ8Ha4fg699sPTBseqzs7SVggyVDxiFNic4n2 76/65apX82bAq8RfkGq98vEIDo1++as3iGkqmbJUEGO6vpfYICPacirYtNRLDUsIHZMh6zqqiGQmyGa3TvGpUwY4irUrZfFM/T2REWnMRIauUxI7MsteLv7ndVMbXQYZV0lqmaLzRVEqsI1x/jgecM2oFRNHCNXc3Yrp iGhCrYun5ELwl19eJa3zmu/V/FuXRh3mKMIJVOAMfLiAOtxAA5pAYQRP8AKvSKJn9Ibe560FtJg5hj9Anz/O6o+J</latexit><latexit sha1_base64="ILCMLy67DqrI/sjYqXWuMQkxj/A=">AAAB63icbVA9SwNBEJ2LXzF+RS0FWRI Eq3Bno1gFbCwjmA9IjrC3t5es2d07dveEcKSyt7FQxMbCP2TnT7FzL0mhiQ8GHu/NMDMvSDjTxnW/nMLK6tr6RnGztLW9s7tX3j9o6ThVhDZJzGPVCbCmnEnaNMxw2kkUxSLgtB2MrnK/fU+VZrG8NeOE+gIPJIsYwSaX SP/usl+uujV3CrRMvDmp1ivvD9/HYdzolz97YUxSQaUhHGvd9dzE+BlWhhFOJ6VeqmmCyQgPaNdSiQXVfja9dYJOrBKiKFa2pEFT9fdEhoXWYxHYToHNUC96ufif101NdOFnTCapoZLMFkUpRyZG+eMoZIoSw8eWYKKY vRWRIVaYGBtPyYbgLb68TFpnNc+teTc2jTrMUIQjqMApeHAOdbiGBjSBwBAe4RleHOE8Oa/O26y14MxnDuEPnI8fXfuRcg==</latexit><latexit sha1_base64="ILCMLy67DqrI/sjYqXWuMQkxj/A=">AAAB63icbVA9SwNBEJ2LXzF+RS0FWRI Eq3Bno1gFbCwjmA9IjrC3t5es2d07dveEcKSyt7FQxMbCP2TnT7FzL0mhiQ8GHu/NMDMvSDjTxnW/nMLK6tr6RnGztLW9s7tX3j9o6ThVhDZJzGPVCbCmnEnaNMxw2kkUxSLgtB2MrnK/fU+VZrG8NeOE+gIPJIsYwSaX SP/usl+uujV3CrRMvDmp1ivvD9/HYdzolz97YUxSQaUhHGvd9dzE+BlWhhFOJ6VeqmmCyQgPaNdSiQXVfja9dYJOrBKiKFa2pEFT9fdEhoXWYxHYToHNUC96ufif101NdOFnTCapoZLMFkUpRyZG+eMoZIoSw8eWYKKY vRWRIVaYGBtPyYbgLb68TFpnNc+teTc2jTrMUIQjqMApeHAOdbiGBjSBwBAe4RleHOE8Oa/O26y14MxnDuEPnI8fXfuRcg==</latexit><latexit sha1_base64="0QcO1CSoPlr7hVigBkgVw9jclYo=">AAAB63icbVA9SwNBEJ3zM8avqKXNYhC swp2NYhWwsYxgPiA5wt5mLlmzu3fs7gkh5C/YWChi6x+y89+4l1yhiQ8GHu/NMDMvSgU31ve/vbX1jc2t7dJOeXdv/+CwcnTcMkmmGTZZIhLdiahBwRU2LbcCO6lGKiOB7Wh8m/vtJ9SGJ+rBTlIMJR0qHnNGbS6x/uNN v1L1a/4cZJUEBalCgUa/8tUbJCyTqCwT1Jhu4Kc2nFJtORM4K/cygyllYzrErqOKSjThdH7rjJw7ZUDiRLtSlszV3xNTKo2ZyMh1SmpHZtnLxf+8bmbj63DKVZpZVGyxKM4EsQnJHycDrpFZMXGEMs3drYSNqKbMunjK LoRg+eVV0rqsBX4tuPer9XoRRwlO4QwuIIArqMMdNKAJDEbwDK/w5knvxXv3Phata14xcwJ/4H3+AL44jgI=</latexit>
 j :
<latexit sha1_base64="rB72NJG6Ao8LQgijUcQjEXfqdmk=">AAAB73icbVDJSgNBEK1xjXGLevTSJAiewowXxVP Ai8cIZoEkhJ5OTdKmZ7G7RghDbn6BFw+K6NHf8ebf2FkOmvig4PFeFVX1/ERJQ6777aysrq1vbOa28ts7u3v7hYPDuolTLbAmYhXrps8NKhlhjSQpbCYaeegrbPjDq4nfeEBtZBzd0ijBTsj7kQyk4GSlZttH4t27y26h5JbdKdgy8eakVCl +PIJFtVv4avdikYYYkVDcmJbnJtTJuCYpFI7z7dRgwsWQ97FlacRDNJ1seu+YnVilx4JY24qITdXfExkPjRmFvu0MOQ3MojcR//NaKQUXnUxGSUoYidmiIFWMYjZ5nvWkRkFqZAkXWtpbmRhwzQXZiPI2BG/x5WVSPyt7btm7sWlUYIYcHEM RTsGDc6jANVShBgIUPMELvDr3zrPz5rzPWlec+cwR/IHz+QPRMpFG</latexit><latexit sha1_base64="t9LYyUS+lKLvgUMoGhPrdgqiYz0=">AAAB73icbVA9SwNBEN3zM8avqKUgS4JgFe5sFKu AjWUE8wFJCHt7c8mavb1zd04IRyr/gY2FIlr6d+z8KXZuPgpNfDDweG+GmXl+IoVB1/1ylpZXVtfWcxv5za3tnd3C3n7dxKnmUOOxjHXTZwakUFBDgRKaiQYW+RIa/uBy7DfuQRsRqxscJtCJWE+JUHCGVmq2fUDWvb3oFkpu2Z2ALhJvRkq V4vvD91EQV7uFz3YQ8zQChVwyY1qem2AnYxoFlzDKt1MDCeMD1oOWpYpFYDrZ5N4RPbZKQMNY21JIJ+rviYxFxgwj33ZGDPtm3huL/3mtFMPzTiZUkiIoPl0UppJiTMfP00Bo4CiHljCuhb2V8j7TjKONKG9D8OZfXiT107Lnlr1rm0aFTJE jh6RITohHzkiFXJEqqRFOJHkkz+TFuXOenFfnbdq65MxmDsgfOB8/YEOTLw==</latexit><latexit sha1_base64="t9LYyUS+lKLvgUMoGhPrdgqiYz0=">AAAB73icbVA9SwNBEN3zM8avqKUgS4JgFe5sFKu AjWUE8wFJCHt7c8mavb1zd04IRyr/gY2FIlr6d+z8KXZuPgpNfDDweG+GmXl+IoVB1/1ylpZXVtfWcxv5za3tnd3C3n7dxKnmUOOxjHXTZwakUFBDgRKaiQYW+RIa/uBy7DfuQRsRqxscJtCJWE+JUHCGVmq2fUDWvb3oFkpu2Z2ALhJvRkq V4vvD91EQV7uFz3YQ8zQChVwyY1qem2AnYxoFlzDKt1MDCeMD1oOWpYpFYDrZ5N4RPbZKQMNY21JIJ+rviYxFxgwj33ZGDPtm3huL/3mtFMPzTiZUkiIoPl0UppJiTMfP00Bo4CiHljCuhb2V8j7TjKONKG9D8OZfXiT107Lnlr1rm0aFTJE jh6RITohHzkiFXJEqqRFOJHkkz+TFuXOenFfnbdq65MxmDsgfOB8/YEOTLw==</latexit><latexit sha1_base64="X+NDtQAvgJk5WvHH3oZ6un7tJ+k=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKex6UTw FvHiMYB6QhDA76U3GzD6c6RXCkp/w4kERr/6ON//GSbIHTSxoKKq66e7yEyUNue63U1hb39jcKm6Xdnb39g/Kh0dNE6daYEPEKtZtnxtUMsIGSVLYTjTy0FfY8sc3M7/1hNrIOLqnSYK9kA8jGUjByUrtro/E+w/X/XLFrbpzsFXi5aQCOer 98ld3EIs0xIiE4sZ0PDehXsY1SaFwWuqmBhMuxnyIHUsjHqLpZfN7p+zMKgMWxNpWRGyu/p7IeGjMJPRtZ8hpZJa9mfif10kpuOplMkpSwkgsFgWpYhSz2fNsIDUKUhNLuNDS3srEiGsuyEZUsiF4yy+vkuZF1XOr3p1bqdXyOIpwAqdwDh5 cQg1uoQ4NEKDgGV7hzXl0Xpx352PRWnDymWP4A+fzB8CAj78=</latexit>
a = 1, b = 0
<latexit sha1_base64="tL7EpR6Su59cOwDwCaxR5kI4uKk=">AAACsXicbVFdb9MwFHXC1whfBR558egqDamUuJ0EElSa4GW8oCGt2 1BTwrXjdKaOHWwHrYr6/3jmjX+D02YINq5k+ejce8+1z6WlFNbF8a8gvHb9xs1bW7ejO3fv3X/Qefjo2OrKMD5hWmpzSsFyKRSfOOEkPy0Nh4JKfkIX75r8yXdurNDqyC1LPitgrkQuGDhPpZ0fvaSg+rx+X6yS1yz9Oo6jHm2uftSDlLyBF8OGIGNMW9Sn6WidTr5VkGFIh31I95q +OnH83Fm3lDzJDbDR0GuKRqfR25TTTelm6AEUQjqtBKjVBce0MdyWWmUWO/2H3tn9kGw/T7ZJnzzbwTyb81UEY3KhOo7TTjcexOvAVwFpQRe1cZh2fiaZZlXBlWMSrJ2SuHSzGowTTHr1pLK8BLaAOZ96qKDgdlavHV/hnmcynGvjj3J4zf7dUUNh7bKgvrIAd2Yv5xryf7lp5fJX s1qosnJcsc2gvJLeCtysD2fCcObk0gNgRvi3YnYG3mznlxx5E8jlL18Fx8MBiQfk4153/21rxxZ6gp6iXUTQS7SPDtAhmiAWDIKjYBZ8Dkfhp/BLSDelYdD2PEb/RLj4DUnpygs=</latexit><latexit sha1_base64="tL7EpR6Su59cOwDwCaxR5kI4uKk=">AAACsXicbVFdb9MwFHXC1whfBR558egqDamUuJ0EElSa4GW8oCGt2 1BTwrXjdKaOHWwHrYr6/3jmjX+D02YINq5k+ejce8+1z6WlFNbF8a8gvHb9xs1bW7ejO3fv3X/Qefjo2OrKMD5hWmpzSsFyKRSfOOEkPy0Nh4JKfkIX75r8yXdurNDqyC1LPitgrkQuGDhPpZ0fvaSg+rx+X6yS1yz9Oo6jHm2uftSDlLyBF8OGIGNMW9Sn6WidTr5VkGFIh31I95q +OnH83Fm3lDzJDbDR0GuKRqfR25TTTelm6AEUQjqtBKjVBce0MdyWWmUWO/2H3tn9kGw/T7ZJnzzbwTyb81UEY3KhOo7TTjcexOvAVwFpQRe1cZh2fiaZZlXBlWMSrJ2SuHSzGowTTHr1pLK8BLaAOZ96qKDgdlavHV/hnmcynGvjj3J4zf7dUUNh7bKgvrIAd2Yv5xryf7lp5fJX s1qosnJcsc2gvJLeCtysD2fCcObk0gNgRvi3YnYG3mznlxx5E8jlL18Fx8MBiQfk4153/21rxxZ6gp6iXUTQS7SPDtAhmiAWDIKjYBZ8Dkfhp/BLSDelYdD2PEb/RLj4DUnpygs=</latexit><latexit sha1_base64="tL7EpR6Su59cOwDwCaxR5kI4uKk=">AAACsXicbVFdb9MwFHXC1whfBR558egqDamUuJ0EElSa4GW8oCGt2 1BTwrXjdKaOHWwHrYr6/3jmjX+D02YINq5k+ejce8+1z6WlFNbF8a8gvHb9xs1bW7ejO3fv3X/Qefjo2OrKMD5hWmpzSsFyKRSfOOEkPy0Nh4JKfkIX75r8yXdurNDqyC1LPitgrkQuGDhPpZ0fvaSg+rx+X6yS1yz9Oo6jHm2uftSDlLyBF8OGIGNMW9Sn6WidTr5VkGFIh31I95q +OnH83Fm3lDzJDbDR0GuKRqfR25TTTelm6AEUQjqtBKjVBce0MdyWWmUWO/2H3tn9kGw/T7ZJnzzbwTyb81UEY3KhOo7TTjcexOvAVwFpQRe1cZh2fiaZZlXBlWMSrJ2SuHSzGowTTHr1pLK8BLaAOZ96qKDgdlavHV/hnmcynGvjj3J4zf7dUUNh7bKgvrIAd2Yv5xryf7lp5fJX s1qosnJcsc2gvJLeCtysD2fCcObk0gNgRvi3YnYG3mznlxx5E8jlL18Fx8MBiQfk4153/21rxxZ6gp6iXUTQS7SPDtAhmiAWDIKjYBZ8Dkfhp/BLSDelYdD2PEb/RLj4DUnpygs=</latexit><latexit sha1_base64="tL7EpR6Su59cOwDwCaxR5kI4uKk=">AAACsXicbVFdb9MwFHXC1whfBR558egqDamUuJ0EElSa4GW8oCGt2 1BTwrXjdKaOHWwHrYr6/3jmjX+D02YINq5k+ejce8+1z6WlFNbF8a8gvHb9xs1bW7ejO3fv3X/Qefjo2OrKMD5hWmpzSsFyKRSfOOEkPy0Nh4JKfkIX75r8yXdurNDqyC1LPitgrkQuGDhPpZ0fvaSg+rx+X6yS1yz9Oo6jHm2uftSDlLyBF8OGIGNMW9Sn6WidTr5VkGFIh31I95q +OnH83Fm3lDzJDbDR0GuKRqfR25TTTelm6AEUQjqtBKjVBce0MdyWWmUWO/2H3tn9kGw/T7ZJnzzbwTyb81UEY3KhOo7TTjcexOvAVwFpQRe1cZh2fiaZZlXBlWMSrJ2SuHSzGowTTHr1pLK8BLaAOZ96qKDgdlavHV/hnmcynGvjj3J4zf7dUUNh7bKgvrIAd2Yv5xryf7lp5fJX s1qosnJcsc2gvJLeCtysD2fCcObk0gNgRvi3YnYG3mznlxx5E8jlL18Fx8MBiQfk4153/21rxxZ6gp6iXUTQS7SPDtAhmiAWDIKjYBZ8Dkfhp/BLSDelYdD2PEb/RLj4DUnpygs=</latexit>
FIG. 2 Two examples of w˙ flows for N = 4 and c = 1 (stable sync); first panel is for the classic model with equal cj . Second
panel is an example with the maximum number 6 fixed points in the disc; together with w∗ = −1 there are 4 repellors (cyan
dots) and 3 saddles (blue dots). Base point components are black dots and the tables give values for βj and cj .
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in the disc, which corresponds to an asynchronous state in TN−1. In the second example, trajectories with cyan
background converge to the boundary point β3 = −1 (cyan dot) at angle pi/2; the corresponding trajectories in TN−1
converge to the (N−1, 1) fixed point with θ3 out of phase by angle pi. In the first example the blue lines are exceptional;
they converge in forward time to a boundary point βj at angle pi/2; the corresponding trajectories in T
N−1 converge
to the (N−1, 1) fixed point with θj out of phase by angle pi. In the second example the blue lines are the separatrices
between the different t→ −∞ basins of attraction.
XI. DYNAMICS OF THE ASYMMETRIC K-S MODEL: HAMILTONIAN CASE
Next we consider the dynamics in the case a = 0, when the w˙ system (8) has Hamiltonian structure. We begin
with a lemma that is analogous to Lemma 2 in the previous section.
Lemma 3. Suppose w˙ = i∇hypΦ(w) is a Hamiltonian flow on the disc ∆ which has finitely many fixed points w∗ ∈ ∆.
Then for all w ∈ ∆, either its trajectory w(t) is a closed orbit, or Ω+(w) is a single fixed point w∗ ∈ ∆, or Ω+(w) is
completely contained in the boundary circle S1.
Proof. Let w ∈ ∆, and suppose w′ ∈ Ω+(w) ∩∆. Since Φ is conserved for the flow, Φ(w′) = Φ(w). If w′ is not a
fixed point for the flow, then we can find a neighborhood U ⊂ ∆ of w′ such that for w′′ ∈ U , Φ(w′′) = Φ(w′) if and
only if w′′ lies on the trajectory of w′. The trajectory w(t) of w must enter U , and therefore we must have w and w′
on the same trajectory: w′ = w(t1) for some time t1. But w′ ∈ Ω+(w), which implies that we can find a sequence of
times tn →∞ with w′ = w(tn); this implies that w(t) is periodic. The other possibilities are that w′ is a fixed point,
or Ω+(w) ⊂ S1. In the first case, since there are finitely many fixed points and the limit set Ω+(w) is connected, we
must have Ω+(w) = {w∗} for a single fixed point w∗ ∈ ∆.

Before we proceed with the proof of Theorem 2, we need a preliminary result about fixed points for 2D Hamiltonian
flows. Suppose w˙ = i∇hypΦ(w) is a Hamiltonian flow on the disc ∆ which has finitely many fixed points w∗ ∈ ∆, and
let us also assume that the Hamiltonian function Φ is real analytic. Then we claim for any fixed point w∗ ∈ ∆ there
are at most finitely many trajectories w(t) → w∗ as t → ∞. The eigenvalues at w∗ are of the form ±λ, where λ is
real or pure imaginary. If λ > 0 then w∗ is a saddle, which has exactly two attracting trajectories. If λ = ±iν 6= 0,
then w∗ is a (nonlinear) center; this result needs the real analyticity of Φ (see [12] Section 2.14, Theorem 2). No
trajectories can converge to a center fixed point. The following argument covers the degenerate case with λ = 0 a
double eigenvalue (as well as the saddle and center cases). Choose r > 0 small enough so that the closed disc ∆r(w
∗)
of radius r around w∗ is contained in the unit disc ∆ and contains no fixed points except w∗. Suppose there are
infinitely many distinct trajectories w(t) converging to w∗ as t → ∞. Only finitely many of these trajectories can
intersect Cr = ∂∆r(w
∗); otherwise the real analytic function Φ would take the same value Φ(w∗) at infinitely many
distinct points on Cr, which implies Φ is constant on Cr. But if Φ is constant on Cr, then Cr must be a closed
orbit, and then none of the trajectories converging to w∗ can intersect Cr. Therefore there must be a trajectory w(t)
converging to w∗ with w(t) ∈ ∆r(w∗) for all t. Lemma 3 implies that w(t)→ w∗ also as t→ −∞; in other words, w(t)
is a homoclinic orbit to and from w∗. This orbit together with w∗ forms a simple closed curve Γ contained in ∆r(w∗).
Then Φ is constant on Γ but cannot be constant on its interior; hence Φ has a critical point inside Γ, contradicting
the assumption that there are no fixed points in ∆r(w
∗) except w∗.
Theorem 2. Consider the system (3) with c = ib 6= 0. If bj 6= b/2 for all j, then almost all trajectories in the reduced
state space TN−1 are periodic or homoclinic connections to and from sync. If some bj = b/2, there is also a positive
measure set of initial conditions with trajectories that converge in forward time to (N−1, 1) states, and similarly a
positive measure set of initial conditions with trajectories that converge in backward time to (N−1, 1) states.
Proof. The result has been established above for N = 2, so assume N ≥ 3. We begin as in the proof of Theorem 1:
choose any base point p whose coordinates βj are all distinct. Assume first that at least three of the cj are not 0. By
Lemma 1, the associated w˙ flow (8) has finitely many fixed points in ∆. The w˙ flow (8) has Hamiltonian
Φ(w) = −b log(1− |w|2) + 2 Re
N∑
j=1
icj log(w − βj),
and we see that Φ(w)→ ±∞ as w → β ∈ S1, β 6= βj . Since Φ is conserved along trajectories, Lemma 3 implies that
all trajectories w(t) are either periodic, or converge to fixed points w∗ ∈ ∆, or converge to one of the βj . From our
discussion of fixed points above, we know that only finitely many trajectories can converge to fixed points w∗ ∈ ∆.
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It remains to analyze the behavior of trajectories with w(t)→ βj . As in the proof of Theorem 1, we assume β1 = 1,
and convert the system to the upper half plane H, via the Mo¨bius transformation w = − z−iz+i . Then a trajectory
w(t)→ β1 = 1 transforms to a trajectory z(t)→ 0 for the system (12). Observe that
log(1− |w|2) = log
(
1−
∣∣∣∣z − iz + i
∣∣∣∣2
)
= log(|z + i|2 − |z − i|2)− log |z + i|2
= log 4y − log |z + i|2 = log y + f(z),
with z = x+ iy, y > 0 and f(z) real analytic near z = 0. We also have
log(w − 1) = log
(
−z − i
z + i
− 1
)
= log(−z + i− z − i)− log(z + i)
= log z + g(z),
with g(z) holomorphic near z = 0. The corresponding Hamiltonian function Ψ(z) has the form
Ψ(z) = Φ(w) = −b log y + 2 Re(ic1 log z) + h(z)
= −b log y + 2b1 log |z| − 2a1 arg z + h(z)
= −b
((
1− 2b1
b
)
log r + log sin θ
)
− 2a1θ + h(z),
where z = reiθ, and h(z) real analytic near z = 0.
Now log r → −∞ as r → 0, and log sin θ ≤ 0 for all θ. So if b1/b < 1/2, then the coefficient of log r above is
positive, and Ψ(z)→ ±∞ as z → 0; hence no trajectory z(t) can converge to 0. If b1/b > 1/2, then z(t)→ 0 implies
θ(t) → 0 or pi; otherwise the Hamiltonian Ψ(z) will diverge. Therefore the trajectory z(t) converges to 0 tangent to
the real axis, and the corresponding trajectory converges to sync in the reduced group orbit G˜p. So we see that if
bj 6= b/2 for all j, then all but finitely many trajectories in the disc ∆ are either periodic orbits, or converge in forward
and backward time to (perhaps different) βj ; the corresponding trajectories in G˜p are periodic orbits or homoclinic
connections to and from sync. This proves the theorem in the case bj 6= b/2.
Now suppose, say, b1/b = 1/2; then the Hamiltonian has the form
Ψ(z) = Ψ(reiθ) = −b
(
log sin θ +
2a1
b
θ
)
+ h(reiθ)
as r = |z| → 0. In polar coordinates r, θ, h(reiθ) is constant on the interval r = 0, and the function
f(θ) = log sin θ +
2a1
b
θ
has a unique critical point θ0 ∈ (0, pi), which is the unique root of b cos θ + 2a1 sin θ = 0 in (0, pi). Therefore the
gradient of Ψ in polar coordinates is nonzero at any point r = 0, θ 6= θ0, θ ∈ (0, pi). This implies that there is a
smooth level set of Ψ which meets r = 0 at angle θ. This level set must contain a trajectory converging to θ in forward
or backward time. If we examine the r˙ equation in (13), we see that as r → 0, r˙ changes sign at the critical point
θ0 of u(θ). This means that the trajectories converge to angle θ in forward time on one side of θ0 and in backward
time on the other side. Therefore in the w disc ∆, we have a one-parameter family of trajectories converging to β1 at
all possible angles except perhaps θ0; the convergence is in forward time on one side of θ0 and in backward time on
the other side. As we vary the base point p, these trajectories will form sets of positive measure in the reduced state
space TN−1, converging to (N−1, 1) states in either forward or backward time.
Finally, we consider the case where at most two of the cj , say c1 and c2, are not 0. As in the proof of Theorem 1,
all the arguments above go through unless |c1|2 = |c2|2. In this case the relations a(a1 − a2) = −b(b1 − b2), a = 0
and b 6= 0 imply b1 = b2 = b/2. The equivalent flow on the upper half plane in polar coordinates (15) has θ˙ = 0 and
hence r˙/r is constant. All trajectories are rays converging in forward or backward time to 0 or ∞, except for the ray
of fixed points θ = θ∗, where θ∗ is the unique root of the r˙ equation in (15). The corresponding trajectories in G˜p
converge to (N−1, 1) states. This completes the proof.

Figure 3 shows two w˙ flows in the Hamiltonian case for N = 4. The trajectories with white and green backgrounds
illustrate the generic dynamics in the first part of Theorem 2 (bj 6= b/2) and the trajectories with yellow and red
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<latexit sha1_base64="z4bNLZkYN95HijGI6cz+0/bnfw0=">AAACsXicbVFdb9MwFHXC1yhfBR55 8egqDamUuJ0EElSa4GW8oCGt21ATwrXjdKaOHWwHrYr6/3jmjX+D05SvjStZPjr33nPtc2kphXVR9CMIr1y9dv3G1s3Ordt37t7r3n9wbHVlGJ8yLbU5pWC5FIpPnXCSn5aGQ0ElP6GLN03+5Cs3Vmh15JYlTwqY K5ELBs5TafdbPy6oPq/fFqv4JUs/T6JOnzbXoNOHlLyCZ6OGIBNMN2hA0/E6HX+pIMOQjgaQ7jV9dez4ubNuKXmcG2DjkdcUjU6j15bTtrQdegCFkE4rAWr1i2PaGG5LrTKLnf5N7+y+i7efxttkQJ7sYJ7N+aoD f1QnJO32omG0DnwZkA3ooU0cpt3vcaZZVXDlmARrZyQqXVKDcYJJrx5XlpfAFjDnMw8VFNwm9drxFe57JsO5Nv4oh9fs3x01FNYuC+orC3Bn9mKuIf+Xm1Uuf5HUQpWV44q1g/JKeitwsz6cCcOZk0sPgBnh34rZ GXiznV9yx5tALn75MjgeDUk0JO/3evuvN3ZsoUfoMdpFBD1H++gAHaIpYsEwOAqS4GM4Dj+En0LalobBpuch+ifCxU9J38oL</latexit><latexit sha1_base64="z4bNLZkYN95HijGI6cz+0/bnfw0=">AAACsXicbVFdb9MwFHXC1yhfBR55 8egqDamUuJ0EElSa4GW8oCGt21ATwrXjdKaOHWwHrYr6/3jmjX+D05SvjStZPjr33nPtc2kphXVR9CMIr1y9dv3G1s3Ordt37t7r3n9wbHVlGJ8yLbU5pWC5FIpPnXCSn5aGQ0ElP6GLN03+5Cs3Vmh15JYlTwqY K5ELBs5TafdbPy6oPq/fFqv4JUs/T6JOnzbXoNOHlLyCZ6OGIBNMN2hA0/E6HX+pIMOQjgaQ7jV9dez4ubNuKXmcG2DjkdcUjU6j15bTtrQdegCFkE4rAWr1i2PaGG5LrTKLnf5N7+y+i7efxttkQJ7sYJ7N+aoD f1QnJO32omG0DnwZkA3ooU0cpt3vcaZZVXDlmARrZyQqXVKDcYJJrx5XlpfAFjDnMw8VFNwm9drxFe57JsO5Nv4oh9fs3x01FNYuC+orC3Bn9mKuIf+Xm1Uuf5HUQpWV44q1g/JKeitwsz6cCcOZk0sPgBnh34rZ GXiznV9yx5tALn75MjgeDUk0JO/3evuvN3ZsoUfoMdpFBD1H++gAHaIpYsEwOAqS4GM4Dj+En0LalobBpuch+ifCxU9J38oL</latexit><latexit sha1_base64="z4bNLZkYN95HijGI6cz+0/bnfw0=">AAACsXicbVFdb9MwFHXC1yhfBR55 8egqDamUuJ0EElSa4GW8oCGt21ATwrXjdKaOHWwHrYr6/3jmjX+D05SvjStZPjr33nPtc2kphXVR9CMIr1y9dv3G1s3Ordt37t7r3n9wbHVlGJ8yLbU5pWC5FIpPnXCSn5aGQ0ElP6GLN03+5Cs3Vmh15JYlTwqY K5ELBs5TafdbPy6oPq/fFqv4JUs/T6JOnzbXoNOHlLyCZ6OGIBNMN2hA0/E6HX+pIMOQjgaQ7jV9dez4ubNuKXmcG2DjkdcUjU6j15bTtrQdegCFkE4rAWr1i2PaGG5LrTKLnf5N7+y+i7efxttkQJ7sYJ7N+aoD f1QnJO32omG0DnwZkA3ooU0cpt3vcaZZVXDlmARrZyQqXVKDcYJJrx5XlpfAFjDnMw8VFNwm9drxFe57JsO5Nv4oh9fs3x01FNYuC+orC3Bn9mKuIf+Xm1Uuf5HUQpWV44q1g/JKeitwsz6cCcOZk0sPgBnh34rZ GXiznV9yx5tALn75MjgeDUk0JO/3evuvN3ZsoUfoMdpFBD1H++gAHaIpYsEwOAqS4GM4Dj+En0LalobBpuch+ifCxU9J38oL</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1r N8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O 6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQ a8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="wovfAQjb0XqQY9mZsftoeMZfknk=">AAACpnicbVFdb9MwFHXC1wgDOl55 8dgqDal0cYs0JKiExMt4QUNat6EmhGvH6cwcO9gOWhX1//HMG/8GpylfG1eyfHTuvefa59JKCuvi+EcQ3rh56/adjbvRvc37Dx72tjZPrK4N41OmpTZnFCyXQvGpE07ys8pwKKnkp/TiTZs//cqNFVodu0XF0xLm ShSCgfNU1vvWT0qqL5u35TJ5ybLPkzjq0/YaRH3IyCvYH7UEmWC6RgOajVfp5EsNOYZsNIDsedvXJI5fOusWkieFATYeeU3R6rR6XTntSruhh1AK6bQSoJa/OKaN4bbSKrfY6d/07t67ZPtZsk0G5Oku5vmcLyP4 ozohWW8nHsarwNcBWYMdtI6jrPc9yTWrS64ck2DtjMSVSxswTjDp1ZPa8grYBcz5zEMFJbdps3J8ifueyXGhjT/K4RX7d0cDpbWLkvrKEty5vZpryf/lZrUrXqSNUFXtuGLdoKKW3grcrg/nwnDm5MIDYEb4t2J2 Dt5s55cceRPI1S9fByejIYmH5H2MNtBj9ATtIYIO0Gt0iI7QFLFgGBwHafAxHIcfwk+dXWGw9u0R+idC+hOFuMju</latexit><latexit sha1_base64="wovfAQjb0XqQY9mZsftoeMZfknk=">AAACpnicbVFdb9MwFHXC1wgDOl55 8dgqDal0cYs0JKiExMt4QUNat6EmhGvH6cwcO9gOWhX1//HMG/8GpylfG1eyfHTuvefa59JKCuvi+EcQ3rh56/adjbvRvc37Dx72tjZPrK4N41OmpTZnFCyXQvGpE07ys8pwKKnkp/TiTZs//cqNFVodu0XF0xLm ShSCgfNU1vvWT0qqL5u35TJ5ybLPkzjq0/YaRH3IyCvYH7UEmWC6RgOajVfp5EsNOYZsNIDsedvXJI5fOusWkieFATYeeU3R6rR6XTntSruhh1AK6bQSoJa/OKaN4bbSKrfY6d/07t67ZPtZsk0G5Oku5vmcLyP4 ozohWW8nHsarwNcBWYMdtI6jrPc9yTWrS64ck2DtjMSVSxswTjDp1ZPa8grYBcz5zEMFJbdps3J8ifueyXGhjT/K4RX7d0cDpbWLkvrKEty5vZpryf/lZrUrXqSNUFXtuGLdoKKW3grcrg/nwnDm5MIDYEb4t2J2 Dt5s55cceRPI1S9fByejIYmH5H2MNtBj9ATtIYIO0Gt0iI7QFLFgGBwHafAxHIcfwk+dXWGw9u0R+idC+hOFuMju</latexit><latexit sha1_base64="oIJwAKYsF3elgcs/mLe6dfJ1+W8=">AAACsXicbVFdb9MwFHXC1whfBR55 8egqDal0cYsEElSa4GW8oCGt21BTwrXjdKaOHWwHrYr6/3jmjX+D04avjStZPjr33nPtc2kphXVx/CMIr1y9dv3G1s3o1u07d+917j84troyjE+YltqcUrBcCsUnTjjJT0vDoaCSn9DFmyZ/8pUbK7Q6csuSzwqY K5ELBs5TaedbLymoPq/fFqvkJUs/j+OoR5urH/UgJa9gb9gQZIxpi/o0Ha3TyZcKMgzpsA/ps6avThw/d9YtJU9yA2w09Jqi0Wn0NuV0U7oZegCFkE4rAWr1i2PaGG5LrTKLnf5N7+y+S7afJtukT57sYJ7N+SqC P6pjkna68SBeB74MSAu6qI3DtPM9yTSrCq4ck2DtlMSlm9VgnGDSqyeV5SWwBcz51EMFBbezeu34Cvc8k+FcG3+Uw2v2744aCmuXBfWVBbgzezHXkP/LTSuXv5jVQpWV44ptBuWV9FbgZn04E4YzJ5ceADPCvxWz M/BmO7/kyJtALn75MjgeDkg8IO/j7v7r1o4t9Ag9RruIoOdoHx2gQzRBLBgER8Es+BiOwg/hp5BuSsOg7XmI/olw8RNIn8oH</latexit><latexit sha1_base64="z4bNLZkYN95HijGI6cz+0/bnfw0=">AAACsXicbVFdb9MwFHXC1yhfBR55 8egqDamUuJ0EElSa4GW8oCGt21ATwrXjdKaOHWwHrYr6/3jmjX+D05SvjStZPjr33nPtc2kphXVR9CMIr1y9dv3G1s3Ordt37t7r3n9wbHVlGJ8yLbU5pWC5FIpPnXCSn5aGQ0ElP6GLN03+5Cs3Vmh15JYlTwqY K5ELBs5TafdbPy6oPq/fFqv4JUs/T6JOnzbXoNOHlLyCZ6OGIBNMN2hA0/E6HX+pIMOQjgaQ7jV9dez4ubNuKXmcG2DjkdcUjU6j15bTtrQdegCFkE4rAWr1i2PaGG5LrTKLnf5N7+y+i7efxttkQJ7sYJ7N+aoD f1QnJO32omG0DnwZkA3ooU0cpt3vcaZZVXDlmARrZyQqXVKDcYJJrx5XlpfAFjDnMw8VFNwm9drxFe57JsO5Nv4oh9fs3x01FNYuC+orC3Bn9mKuIf+Xm1Uuf5HUQpWV44q1g/JKeitwsz6cCcOZk0sPgBnh34rZ GXiznV9yx5tALn75MjgeDUk0JO/3evuvN3ZsoUfoMdpFBD1H++gAHaIpYsEwOAqS4GM4Dj+En0LalobBpuch+ifCxU9J38oL</latexit><latexit sha1_base64="z4bNLZkYN95HijGI6cz+0/bnfw0=">AAACsXicbVFdb9MwFHXC1yhfBR55 8egqDamUuJ0EElSa4GW8oCGt21ATwrXjdKaOHWwHrYr6/3jmjX+D05SvjStZPjr33nPtc2kphXVR9CMIr1y9dv3G1s3Ordt37t7r3n9wbHVlGJ8yLbU5pWC5FIpPnXCSn5aGQ0ElP6GLN03+5Cs3Vmh15JYlTwqY K5ELBs5TafdbPy6oPq/fFqv4JUs/T6JOnzbXoNOHlLyCZ6OGIBNMN2hA0/E6HX+pIMOQjgaQ7jV9dez4ubNuKXmcG2DjkdcUjU6j15bTtrQdegCFkE4rAWr1i2PaGG5LrTKLnf5N7+y+i7efxttkQJ7sYJ7N+aoD f1QnJO32omG0DnwZkA3ooU0cpt3vcaZZVXDlmARrZyQqXVKDcYJJrx5XlpfAFjDnMw8VFNwm9drxFe57JsO5Nv4oh9fs3x01FNYuC+orC3Bn9mKuIf+Xm1Uuf5HUQpWV44q1g/JKeitwsz6cCcOZk0sPgBnh34rZ GXiznV9yx5tALn75MjgeDUk0JO/3evuvN3ZsoUfoMdpFBD1H++gAHaIpYsEwOAqS4GM4Dj+En0LalobBpuch+ifCxU9J38oL</latexit><latexit sha1_base64="z4bNLZkYN95HijGI6cz+0/bnfw0=">AAACsXicbVFdb9MwFHXC1yhfBR55 8egqDamUuJ0EElSa4GW8oCGt21ATwrXjdKaOHWwHrYr6/3jmjX+D05SvjStZPjr33nPtc2kphXVR9CMIr1y9dv3G1s3Ordt37t7r3n9wbHVlGJ8yLbU5pWC5FIpPnXCSn5aGQ0ElP6GLN03+5Cs3Vmh15JYlTwqY K5ELBs5TafdbPy6oPq/fFqv4JUs/T6JOnzbXoNOHlLyCZ6OGIBNMN2hA0/E6HX+pIMOQjgaQ7jV9dez4ubNuKXmcG2DjkdcUjU6j15bTtrQdegCFkE4rAWr1i2PaGG5LrTKLnf5N7+y+i7efxttkQJ7sYJ7N+aoD f1QnJO32omG0DnwZkA3ooU0cpt3vcaZZVXDlmARrZyQqXVKDcYJJrx5XlpfAFjDnMw8VFNwm9drxFe57JsO5Nv4oh9fs3x01FNYuC+orC3Bn9mKuIf+Xm1Uuf5HUQpWV44q1g/JKeitwsz6cCcOZk0sPgBnh34rZ GXiznV9yx5tALn75MjgeDUk0JO/3evuvN3ZsoUfoMdpFBD1H++gAHaIpYsEwOAqS4GM4Dj+En0LalobBpuch+ifCxU9J38oL</latexit><latexit sha1_base64="z4bNLZkYN95HijGI6cz+0/bnfw0=">AAACsXicbVFdb9MwFHXC1yhfBR55 8egqDamUuJ0EElSa4GW8oCGt21ATwrXjdKaOHWwHrYr6/3jmjX+D05SvjStZPjr33nPtc2kphXVR9CMIr1y9dv3G1s3Ordt37t7r3n9wbHVlGJ8yLbU5pWC5FIpPnXCSn5aGQ0ElP6GLN03+5Cs3Vmh15JYlTwqY K5ELBs5TafdbPy6oPq/fFqv4JUs/T6JOnzbXoNOHlLyCZ6OGIBNMN2hA0/E6HX+pIMOQjgaQ7jV9dez4ubNuKXmcG2DjkdcUjU6j15bTtrQdegCFkE4rAWr1i2PaGG5LrTKLnf5N7+y+i7efxttkQJ7sYJ7N+aoD f1QnJO32omG0DnwZkA3ooU0cpt3vcaZZVXDlmARrZyQqXVKDcYJJrx5XlpfAFjDnMw8VFNwm9drxFe57JsO5Nv4oh9fs3x01FNYuC+orC3Bn9mKuIf+Xm1Uuf5HUQpWV44q1g/JKeitwsz6cCcOZk0sPgBnh34rZ GXiznV9yx5tALn75MjgeDUk0JO/3evuvN3ZsoUfoMdpFBD1H++gAHaIpYsEwOAqS4GM4Dj+En0LalobBpuch+ifCxU9J38oL</latexit><latexit sha1_base64="z4bNLZkYN95HijGI6cz+0/bnfw0=">AAACsXicbVFdb9MwFHXC1yhfBR55 8egqDamUuJ0EElSa4GW8oCGt21ATwrXjdKaOHWwHrYr6/3jmjX+D05SvjStZPjr33nPtc2kphXVR9CMIr1y9dv3G1s3Ordt37t7r3n9wbHVlGJ8yLbU5pWC5FIpPnXCSn5aGQ0ElP6GLN03+5Cs3Vmh15JYlTwqY K5ELBs5TafdbPy6oPq/fFqv4JUs/T6JOnzbXoNOHlLyCZ6OGIBNMN2hA0/E6HX+pIMOQjgaQ7jV9dez4ubNuKXmcG2DjkdcUjU6j15bTtrQdegCFkE4rAWr1i2PaGG5LrTKLnf5N7+y+i7efxttkQJ7sYJ7N+aoD f1QnJO32omG0DnwZkA3ooU0cpt3vcaZZVXDlmARrZyQqXVKDcYJJrx5XlpfAFjDnMw8VFNwm9drxFe57JsO5Nv4oh9fs3x01FNYuC+orC3Bn9mKuIf+Xm1Uuf5HUQpWV44q1g/JKeitwsz6cCcOZk0sPgBnh34rZ GXiznV9yx5tALn75MjgeDUk0JO/3evuvN3ZsoUfoMdpFBD1H++gAHaIpYsEwOAqS4GM4Dj+En0LalobBpuch+ifCxU9J38oL</latexit><latexit sha1_base64="z4bNLZkYN95HijGI6cz+0/bnfw0=">AAACsXicbVFdb9MwFHXC1yhfBR55 8egqDamUuJ0EElSa4GW8oCGt21ATwrXjdKaOHWwHrYr6/3jmjX+D05SvjStZPjr33nPtc2kphXVR9CMIr1y9dv3G1s3Ordt37t7r3n9wbHVlGJ8yLbU5pWC5FIpPnXCSn5aGQ0ElP6GLN03+5Cs3Vmh15JYlTwqY K5ELBs5TafdbPy6oPq/fFqv4JUs/T6JOnzbXoNOHlLyCZ6OGIBNMN2hA0/E6HX+pIMOQjgaQ7jV9dez4ubNuKXmcG2DjkdcUjU6j15bTtrQdegCFkE4rAWr1i2PaGG5LrTKLnf5N7+y+i7efxttkQJ7sYJ7N+aoD f1QnJO32omG0DnwZkA3ooU0cpt3vcaZZVXDlmARrZyQqXVKDcYJJrx5XlpfAFjDnMw8VFNwm9drxFe57JsO5Nv4oh9fs3x01FNYuC+orC3Bn9mKuIf+Xm1Uuf5HUQpWV44q1g/JKeitwsz6cCcOZk0sPgBnh34rZ GXiznV9yx5tALn75MjgeDUk0JO/3evuvN3ZsoUfoMdpFBD1H++gAHaIpYsEwOAqS4GM4Dj+En0LalobBpuch+ifCxU9J38oL</latexit>
cj :
<latexit sha1_base64= "JRiirpY7GL2HNdYQ/2iD0LiYEao=">AAAB63icbV A9SwNBEJ2NXzF+RS1tlgTBKtzZKFYBG8sI5gOSI+x t9pI1u3vH7p4QjnTWNhaK2Fj4h+z8N+4lKTTxwcDj vRlm5oWJ4MZ63jcqrK1vbG4Vt0s7u3v7B+XDo5aJ U01Zk8Yi1p2QGCa4Yk3LrWCdRDMiQ8Ha4fg699sPT Bseqzs7SVggyVDxiFNic4n276/65apX82bAq8RfkG q98vEIDo1++as3iGkqmbJUEGO6vpfYICPacirYtNR LDUsIHZMh6zqqiGQmyGa3TvGpUwY4irUrZfFM/T2R EWnMRIauUxI7MsteLv7ndVMbXQYZV0lqmaLzRVEqs I1x/jgecM2oFRNHCNXc3YrpiGhCrYun5ELwl19eJa 3zmu/V/FuXRh3mKMIJVOAMfLiAOtxAA5pAYQRP8AK vSKJn9Ibe560FtJg5hj9Anz/O6o+J</latexit><latexit sha1_base64= "ILCMLy67DqrI/sjYqXWuMQkxj/A=">AAAB63icbV A9SwNBEJ2LXzF+RS0FWRIEq3Bno1gFbCwjmA9IjrC 3t5es2d07dveEcKSyt7FQxMbCP2TnT7FzL0mhiQ8G Hu/NMDMvSDjTxnW/nMLK6tr6RnGztLW9s7tX3j9o 6ThVhDZJzGPVCbCmnEnaNMxw2kkUxSLgtB2MrnK/f U+VZrG8NeOE+gIPJIsYwSaXSP/usl+uujV3CrRMvD mp1ivvD9/HYdzolz97YUxSQaUhHGvd9dzE+BlWhhF OJ6VeqmmCyQgPaNdSiQXVfja9dYJOrBKiKFa2pEFT 9fdEhoXWYxHYToHNUC96ufif101NdOFnTCapoZLMF kUpRyZG+eMoZIoSw8eWYKKYvRWRIVaYGBtPyYbgLb 68TFpnNc+teTc2jTrMUIQjqMApeHAOdbiGBjSBwBA e4RleHOE8Oa/O26y14MxnDuEPnI8fXfuRcg==</l atexit><latexit sha1_base64= "ILCMLy67DqrI/sjYqXWuMQkxj/A=">AAAB63icbV A9SwNBEJ2LXzF+RS0FWRIEq3Bno1gFbCwjmA9IjrC 3t5es2d07dveEcKSyt7FQxMbCP2TnT7FzL0mhiQ8G Hu/NMDMvSDjTxnW/nMLK6tr6RnGztLW9s7tX3j9o 6ThVhDZJzGPVCbCmnEnaNMxw2kkUxSLgtB2MrnK/f U+VZrG8NeOE+gIPJIsYwSaXSP/usl+uujV3CrRMvD mp1ivvD9/HYdzolz97YUxSQaUhHGvd9dzE+BlWhhF OJ6VeqmmCyQgPaNdSiQXVfja9dYJOrBKiKFa2pEFT 9fdEhoXWYxHYToHNUC96ufif101NdOFnTCapoZLMF kUpRyZG+eMoZIoSw8eWYKKYvRWRIVaYGBtPyYbgLb 68TFpnNc+teTc2jTrMUIQjqMApeHAOdbiGBjSBwBA e4RleHOE8Oa/O26y14MxnDuEPnI8fXfuRcg==</l atexit><latexit sha1_base64= "0QcO1CSoPlr7hVigBkgVw9jclYo=">AAAB63icbV A9SwNBEJ3zM8avqKXNYhCswp2NYhWwsYxgPiA5wt5 mLlmzu3fs7gkh5C/YWChi6x+y89+4l1yhiQ8GHu/N MDMvSgU31ve/vbX1jc2t7dJOeXdv/+CwcnTcMkmm GTZZIhLdiahBwRU2LbcCO6lGKiOB7Wh8m/vtJ9SGJ +rBTlIMJR0qHnNGbS6x/uNNv1L1a/4cZJUEBalCgU a/8tUbJCyTqCwT1Jhu4Kc2nFJtORM4K/cygyllYzr ErqOKSjThdH7rjJw7ZUDiRLtSlszV3xNTKo2ZyMh1 SmpHZtnLxf+8bmbj63DKVZpZVGyxKM4EsQnJHycDr pFZMXGEMs3drYSNqKbMunjKLoRg+eVV0rqsBX4tuP er9XoRRwlO4QwuIIArqMMdNKAJDEbwDK/w5knvxXv 3Phata14xcwJ/4H3+AL44jgI=</latexit>
 j :
<latexit sha1_base64="r B72NJG6Ao8LQgijUcQjEXfqdmk=">AAAB73icbVDJSgNB EK1xjXGLevTSJAiewowXxVPAi8cIZoEkhJ5OTdKmZ7G7 RghDbn6BFw+K6NHf8ebf2FkOmvig4PFeFVX1/ERJQ6777 aysrq1vbOa28ts7u3v7hYPDuolTLbAmYhXrps8NKhlhjS QpbCYaeegrbPjDq4nfeEBtZBzd0ijBTsj7kQyk4GSlZtt H4t27y26h5JbdKdgy8eakVCl+PIJFtVv4avdikYYYkVDc mJbnJtTJuCYpFI7z7dRgwsWQ97FlacRDNJ1seu+YnVil x4JY24qITdXfExkPjRmFvu0MOQ3MojcR//NaKQUXnUxGS UoYidmiIFWMYjZ5nvWkRkFqZAkXWtpbmRhwzQXZiPI2BG /x5WVSPyt7btm7sWlUYIYcHEMRTsGDc6jANVShBgIUPME LvDr3zrPz5rzPWlec+cwR/IHz+QPRMpFG</latexit><latexit sha1_base64="t 9LYyUS+lKLvgUMoGhPrdgqiYz0=">AAAB73icbVA9SwNB EN3zM8avqKUgS4JgFe5sFKuAjWUE8wFJCHt7c8mavb1z d04IRyr/gY2FIlr6d+z8KXZuPgpNfDDweG+GmXl+IoVB1 /1ylpZXVtfWcxv5za3tnd3C3n7dxKnmUOOxjHXTZwakUF BDgRKaiQYW+RIa/uBy7DfuQRsRqxscJtCJWE+JUHCGVmq 2fUDWvb3oFkpu2Z2ALhJvRkqV4vvD91EQV7uFz3YQ8zQC hVwyY1qem2AnYxoFlzDKt1MDCeMD1oOWpYpFYDrZ5N4R PbZKQMNY21JIJ+rviYxFxgwj33ZGDPtm3huL/3mtFMPzT iZUkiIoPl0UppJiTMfP00Bo4CiHljCuhb2V8j7TjKONKG 9D8OZfXiT107Lnlr1rm0aFTJEjh6RITohHzkiFXJEqqRF OJHkkz+TFuXOenFfnbdq65MxmDsgfOB8/YEOTLw==</l atexit><latexit sha1_base64="t 9LYyUS+lKLvgUMoGhPrdgqiYz0=">AAAB73icbVA9SwNB EN3zM8avqKUgS4JgFe5sFKuAjWUE8wFJCHt7c8mavb1z d04IRyr/gY2FIlr6d+z8KXZuPgpNfDDweG+GmXl+IoVB1 /1ylpZXVtfWcxv5za3tnd3C3n7dxKnmUOOxjHXTZwakUF BDgRKaiQYW+RIa/uBy7DfuQRsRqxscJtCJWE+JUHCGVmq 2fUDWvb3oFkpu2Z2ALhJvRkqV4vvD91EQV7uFz3YQ8zQC hVwyY1qem2AnYxoFlzDKt1MDCeMD1oOWpYpFYDrZ5N4R PbZKQMNY21JIJ+rviYxFxgwj33ZGDPtm3huL/3mtFMPzT iZUkiIoPl0UppJiTMfP00Bo4CiHljCuhb2V8j7TjKONKG 9D8OZfXiT107Lnlr1rm0aFTJEjh6RITohHzkiFXJEqqRF OJHkkz+TFuXOenFfnbdq65MxmDsgfOB8/YEOTLw==</l atexit><latexit sha1_base64="X +NDtQAvgJk5WvHH3oZ6un7tJ+k=">AAAB73icbVDLSgNB EOyNrxhfUY9eBoPgKex6UTwFvHiMYB6QhDA76U3GzD6c 6RXCkp/w4kERr/6ON//GSbIHTSxoKKq66e7yEyUNue63U 1hb39jcKm6Xdnb39g/Kh0dNE6daYEPEKtZtnxtUMsIGSV LYTjTy0FfY8sc3M7/1hNrIOLqnSYK9kA8jGUjByUrtro/ E+w/X/XLFrbpzsFXi5aQCOer98ld3EIs0xIiE4sZ0PDeh XsY1SaFwWuqmBhMuxnyIHUsjHqLpZfN7p+zMKgMWxNpW RGyu/p7IeGjMJPRtZ8hpZJa9mfif10kpuOplMkpSwkgsF gWpYhSz2fNsIDUKUhNLuNDS3srEiGsuyEZUsiF4yy+vku ZF1XOr3p1bqdXyOIpwAqdwDh5cQg1uoQ4NEKDgGV7hzXl 0Xpx352PRWnDymWP4A+fzB8CAj78=</latexit> , 1 ⅈ -1 -ⅈ
2.4 - 2.5 ⅈ -0.8 + 5.25 ⅈ -0.8 - 1. ⅈ -0.8 - 0.75 ⅈ 
 ,
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ⅈ
2
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4
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
b1 = b/2
<latexit sha1_base64="CMf6YU38gewV5EYrbqdj5J+G0ro=">AAACA3icbVDLSsNAFJ34rPEVdaeb wVJwY02KoCCFghuXFewDmhAm00k7dmYSZiZCCQU3/oobF4q49Sfc+TdOHwttPXDhcM693HtPlDKqtOt+W0vLK6tr64UNe3Nre2fX2dtvqiSTmDRwwhLZjpAijArS0FQz0k4lQTxipBUNrsd+64FIRRNxp4cpCTj qCRpTjLSRQuewhKu+yjjE4X31tOJfUTsKvSqMziqhU3TL7gRwkXgzUgQz1EPny+8mOONEaMyQUh3PTXWQI6kpZmRk+5kiKcID1CMdQwXiRAX55IcRLBmlC+NEmhIaTtTfEzniSg15ZDo50n01743F/7xOpuPLIK cizTQReLoozhjUCRwHArtUEqzZ0BCEJTW3QtxHEmFtYrNNCN78y4ukWSl7btm7PS/WarM4CuAIHIMT4IELUAM3oA4aAINH8AxewZv1ZL1Y79bHtHXJms0cgD+wPn8A/3eVJw==</latexit><latexit sha1_base64="CMf6YU38gewV5EYrbqdj5J+G0ro=">AAACA3icbVDLSsNAFJ34rPEVdaeb wVJwY02KoCCFghuXFewDmhAm00k7dmYSZiZCCQU3/oobF4q49Sfc+TdOHwttPXDhcM693HtPlDKqtOt+W0vLK6tr64UNe3Nre2fX2dtvqiSTmDRwwhLZjpAijArS0FQz0k4lQTxipBUNrsd+64FIRRNxp4cpCTj qCRpTjLSRQuewhKu+yjjE4X31tOJfUTsKvSqMziqhU3TL7gRwkXgzUgQz1EPny+8mOONEaMyQUh3PTXWQI6kpZmRk+5kiKcID1CMdQwXiRAX55IcRLBmlC+NEmhIaTtTfEzniSg15ZDo50n01743F/7xOpuPLIK cizTQReLoozhjUCRwHArtUEqzZ0BCEJTW3QtxHEmFtYrNNCN78y4ukWSl7btm7PS/WarM4CuAIHIMT4IELUAM3oA4aAINH8AxewZv1ZL1Y79bHtHXJms0cgD+wPn8A/3eVJw==</latexit><latexit sha1_base64="CMf6YU38gewV5EYrbqdj5J+G0ro=">AAACA3icbVDLSsNAFJ34rPEVdaeb wVJwY02KoCCFghuXFewDmhAm00k7dmYSZiZCCQU3/oobF4q49Sfc+TdOHwttPXDhcM693HtPlDKqtOt+W0vLK6tr64UNe3Nre2fX2dtvqiSTmDRwwhLZjpAijArS0FQz0k4lQTxipBUNrsd+64FIRRNxp4cpCTj qCRpTjLSRQuewhKu+yjjE4X31tOJfUTsKvSqMziqhU3TL7gRwkXgzUgQz1EPny+8mOONEaMyQUh3PTXWQI6kpZmRk+5kiKcID1CMdQwXiRAX55IcRLBmlC+NEmhIaTtTfEzniSg15ZDo50n01743F/7xOpuPLIK cizTQReLoozhjUCRwHArtUEqzZ0BCEJTW3QtxHEmFtYrNNCN78y4ukWSl7btm7PS/WarM4CuAIHIMT4IELUAM3oA4aAINH8AxewZv1ZL1Y79bHtHXJms0cgD+wPn8A/3eVJw==</latexit><latexit sha1_base64="CMf6YU38gewV5EYrbqdj5J+G0ro=">AAACA3icbVDLSsNAFJ34rPEVdaeb wVJwY02KoCCFghuXFewDmhAm00k7dmYSZiZCCQU3/oobF4q49Sfc+TdOHwttPXDhcM693HtPlDKqtOt+W0vLK6tr64UNe3Nre2fX2dtvqiSTmDRwwhLZjpAijArS0FQz0k4lQTxipBUNrsd+64FIRRNxp4cpCTj qCRpTjLSRQuewhKu+yjjE4X31tOJfUTsKvSqMziqhU3TL7gRwkXgzUgQz1EPny+8mOONEaMyQUh3PTXWQI6kpZmRk+5kiKcID1CMdQwXiRAX55IcRLBmlC+NEmhIaTtTfEzniSg15ZDo50n01743F/7xOpuPLIK cizTQReLoozhjUCRwHArtUEqzZ0BCEJTW3QtxHEmFtYrNNCN78y4ukWSl7btm7PS/WarM4CuAIHIMT4IELUAM3oA4aAINH8AxewZv1ZL1Y79bHtHXJms0cgD+wPn8A/3eVJw==</latexit>
 , ,
 , 
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cj :
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FIG. 3 Two examples of Hamiltonian w˙ flows for N = 4. The trajectories with white background flow tangentially to the
boundary (corresponding to sync). First panel has a center and a saddle, and no bj = b/2. Trajectories with a green background
are periodic. Second panel has weights cj chosen to satisfy b1 = b/2, and now trajectories with yellow (red) backgrounds have
forward (backward) (N−1, 1) limit sets. The two insets show the flow magnified near corresponding βj .
backgrounds illustrate the possibility of (N−1, 1) forward or backward limits sets when some bj = b/2. The first
example has a center (green) and a saddle (blue), and no bj = b/2. The periodic orbits (green region) are bounded
by the homoclinic saddle connection (green). Trajectories with white background approach β2 = i tangentially,
in forward and backward time; the corresponding trajectories in TN−1 are homoclinic connections to/from sync.
Trajectories with green background are periodic orbits. The blue trajectories are exceptional; they correspond to
heteroclinic connections between the asynchronous saddle and sync in TN−1. The second example has a saddle
(blue) and b1 = b/2. The two insets show the flow near β3 and β1. Trajectories with white background approach
β3 = −1 or β4 = −i tangentially, in forward and backward time; the corresponding trajectories in TN−1 are homoclinic
connections to/from sync. Trajectories with red background approach β3 = −1 tangentially in backward time, and
approach β1 = 1 non-tangentially in forward time; the corresponding trajectories in T
N−1 are heteroclinic connections
from sync to (N −1, 1) states with θ1 out of phase. Similarly trajectories with yellow background correspond to
heteroclinic connections from (N−1, 1) states with θ1 out of phase to sync. As in the first example, the exceptional
blue trajectories correspond to heteroclinic connections between the asynchronous saddle and sync in TN−1.
XII. SPECIAL CASE c = 0: GRADIENT + HAMILTONIAN DYNAMICS
In this section we consider the special case c = 0, which implies that the w˙ flow (8) is simultaneously gradient and
Hamiltonian with respect to the hyperbolic metric on ∆. What sort of flows have this dual gradient + Hamiltonian
structure? Such a flow has the form
w˙ = 2λ−2
∂U
∂w
= −2iλ−2 ∂V
∂w
,
where U and V are smooth real functions on ∆, and λ is the hyperbolic metric factor. The functions U, V satisfy this
relation if and only if
∂
∂w
(U + iV ) = 0,
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which is equivalent to the condition that the complex function F = U + iV is holomorphic on ∆. In this case, with
w = u+ iv,
w˙ = λ−2
(
∂U
∂u
+ i
∂U
∂v
)
= λ−2
(
∂U
∂u
− i∂V
∂u
)
= λ−2F ′(w)
from the Cauchy-Riemann equations, and we see that the fixed points of the flow correspond to zeroes of F ′(w). We
call F the holomorphic potential for the flow. The holomorphic function F on the disc is uniquely determined up to
a constant by its real part U ; in the case of the w˙ flow (8) for the K-S model with c = 0, we have
U(w) = 2 Re
N∑
j=1
cj log(w − βj) =⇒ F (w) = 2
N∑
j=1
cj log(w − βj),
where we take any single-valued branch of log(w−βj) on the disc. With these preliminaries, it is fairly straightforward
to describe the dynamics of the w˙ flow. We first consider the case when all bj 6= 0.
Theorem 3. Consider the K-S system with c = 0 and bj 6= 0 for all j. Then almost all trajectories in the reduced
state space TN−1 are homoclinic connections to and from sync.
Proof. Assume N ≥ 3 (the case N = 2 follows directly from (9). The fixed points for (8) correspond to the roots of
the equation F ′(w) = 0 in ∆, which we saw earlier has at most N − 2 solutions in the disc. If w∗ is a fixed point,
then we can expand F ′(w) near w = w∗ in a power series
F ′(w) = ak(w − w∗)k + ak+1(w − w∗)k+1 + · · ·
where ak 6= 0 is the leading coefficient. Therefore the leading term in the expansion of the flow for w = w∗ + η is
η˙ = akη
k,
which is a (possibly higher order) saddle with index −k. As such there will be 2k + 2 saddle trajectories converging
to w∗ in forward or backward time, in an alternating arrangement around the saddle point.
The flow is gradient, so Lemma 1 implies that the limit sets Ω+(w) and Ω−(w) must be either a single fixed point
{w∗} in ∆, or be completely contained in the boundary S1. The quantity V (w) = ImF (w) is conserved for the flow,
so all trajectories lie on contours {V (w) = V (w0)}. We see that
V (w) = 2
N∑
j=1
(
aj arg(w − βj)− bj log |w − βj |
)
, (16)
which diverges as w → βj . Hence no trajectories can converge to any βj if bj 6= 0. The limit set Ω+(w) cannot be an
arc on the circle, because the real-analytic function V cannot be constant along any arc on the circle. So we see that
all but finitely many trajectories in the disc ∆ converge in forward and backward time to some point on the circle
β 6= βj ; the corresponding trajectories in G˜p are homoclinic connections to and from sync.

There is no limit to the number of saddles for these flows; to see this, let w1, . . . , wr be any points in ∆. The
homogeneous linear system in cj , j = 1, . . . , N , given by
N∑
j=1
cj
wk − βj
= 0 k = 1, . . . , r and
N∑
j=1
cj = 0
will have nontrivial solutions for N ≥ r+ 2, so we can construct a flow of this type with fixed points at all wk. For a
fixed set of coefficients cj , the number of saddles can also vary as the coordinates of the base point vary. For example,
consider the cj given by 1, 1,−1,−1. For βj = 1,−1, i,−i the holomorphic potential F (w) satisfies
F ′(w) =
2
w − 1 +
2
w + 1
− 2
w − i −
2
w + i
=
8w
w4 − 1 ,
which has a single zero at w = 0 in ∆. But if we switch to βj = 1, i,−1,−i, then
F ′(w) =
2
w − 1 +
2
w − i −
2
w + 1
− 2
w + i
=
4(1 + i)(w2 − i)
w4 − 1 ,
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which has no zeros in ∆.
If bj = 0 for some j, then the dynamics can be more complicated; we will need to analyze the conserved quantity
V (w) more carefully. Observe that F (w) is holomorphic along the boundary circle except at the βj . If β ∈ S1, β 6= βj ,
then the directional derivative of F at β in the direction iβ tangent to the circle at β is
(DiβF )(β) = iβF
′(β) = 2iβ
N∑
j=1
cj
β − βj = 2i
N∑
j=1
cjβj
β − βj ,
because
N∑
j=1
cjβ
β − βj −
N∑
j=1
cjβj
β − βj =
N∑
j=1
cj
β − βj
β − βj = 0.
Observe that
(DiβF )(β) = −2i
N∑
j=1
cjβ
β − βj
· βjβ
βjβ
= 2i
N∑
j=1
cjβj
β − βj .
Now V (β) = ImF (β) is constant for β along some arc on the circle if and only if (DiβF )(β) ∈ R along this arc, which
is equivalent to
N∑
j=1
cjβj
β − βj =
N∑
j=1
cjβj
β − βj
along this arc. This identity holds for infinitely many β ∈ C if and only if all cj = cj ; i.e. all cj ∈ R. So we see that
V (β) is constant along all arcs that do not contain any βj if and only if all cj ∈ R.
Relaxing the condition that bj 6= 0 for all j in Theorem 3 can be split into three mutually exclusive cases: (i) all
cj ∈ R; (ii) all cj ∈ Ri, and some cj = 0; (iii) some cj ∈ R− {0}, and not all cj ∈ R. Case (i) is covered in the next
section. Case (ii) requires a minor modification of the proof in Theorem 3, but the result still holds; if cj = 0, then
there may be finitely many trajectories w(t) converging to βj , which would correspond to finitely many trajectories
on G˜p converging to (N−1, 1) states with the jth oscillator out of phase.
Case (iii) is more interesting. Since not all cj ∈ R, the function V (β) is not constant on the circle, so most level
curves of V will meet the circle transversely. Hence there will be an open set in ∆ of initial conditions w that will
have Ω+(w) = {β} with β ∈ S1, β 6= βj . The corresponding trajectories in G˜p converge to sync. We also see from
the expansion in (16) that if cj = aj is real and nonzero, then we can find an open set of initial conditions w ∈ ∆
whose trajectories w(t) will converge to βj at all possible angles; the corresponding trajectories will converge to all
possible (N−1, 1) states with the jth oscillator out of phase. Therefore in the full reduced state space TN−1, in
forward or reverse time, sync will attract a set of positive measure, but there will also be a positive measure set of
initial conditions which converge to a one-parameter family of neutrally stable (N−1, 1) states.
Figure 4 shows three examples of gradient + Hamiltonian flows. We set βj = 1, i,−1,−i; the values of the cj are
indicated next to the corresponding βj . Trajectories with white background approach some point on the boundary
circle distinct from the βj in forward and backward time; the corresponding trajectories in T
N−1 are homoclinic
connections to/from sync. In the top left panel the conditions of Theorem 3 apply: almost all trajectories are
homoclinic connections to and from sync. There is one saddle point and four heteroclinic connections between sync
and the saddle indicated in blue. The top right panel shows an example of case (ii) above where all the ci are imaginary
but one is zero. In this case there is a heteroclinic connection from sync to an (N−1, 1) state indicted by the blue
trajectory. The bottom panel has cj = βj which is an example of case (iii). In addition to homoclinic connections to
and from sync (white background), trajectories with yellow (red) background correspond to heteroclinic connections
from (to) sync to (from) an (N−1, 1) state The fixed point at w = 0 is non-hyperbolic with 6 saddle connections.
XIII. SPECIAL CASE cj ∈ R, c = 0; CONNECTIONS TO 2D ELECTROSTATICS
We next turn to the even more special case with all bj = 0 and c = a = 0; we assume that some aj 6= 0 to avoid
the trivial case. The associated w˙ flow on the disc is gradient + Hamiltonian, with holomorphic potential
F (w) = 2
N∑
j=1
aj log(w − βj).
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<latexit sha1_base6 4="krtCEJzidICVBlBiVQ4qmReG7vc=">AAACA HicbVBNS8NAEJ3Urxq/oh48eFksBU81KYJeCgU vHivYD2hD2Gw37drNJuxuhFJ68a948aCIV3+G N/+N2zYHbX0w8Hhvhpl5YcqZ0q77bRXW1jc2t4 rb9s7u3v6Bc3jUUkkmCW2ShCeyE2JFORO0qZn mtJNKiuOQ03Y4upn57UcqFUvEvR6n1I/xQLCIE ayNFDgn5Z7KYkSCh5prl8PAq6HwomqzwCm5FXc OtEq8nJQgRyNwvnr9hGQxFZpwrFTXc1PtT7DU jHA6tXuZoikmIzygXUMFjqnyJ/MHpqhslD6KEm lKaDRXf09McKzUOA5NZ4z1UC17M/E/r5vp6Nq fMJFmmgqyWBRlHOkEzdJAfSYp0XxsCCaSmVsRG WKJiTaZ2SYEb/nlVdKqVjy34t1dlur1PI4inMI ZnIMHV1CHW2hAEwhM4Rle4c16sl6sd+tj0Vqw 8plj+APr8wefaJPS</latexit><latexit sha1_base6 4="krtCEJzidICVBlBiVQ4qmReG7vc=">AAACA HicbVBNS8NAEJ3Urxq/oh48eFksBU81KYJeCgU vHivYD2hD2Gw37drNJuxuhFJ68a948aCIV3+G N/+N2zYHbX0w8Hhvhpl5YcqZ0q77bRXW1jc2t4 rb9s7u3v6Bc3jUUkkmCW2ShCeyE2JFORO0qZn mtJNKiuOQ03Y4upn57UcqFUvEvR6n1I/xQLCIE ayNFDgn5Z7KYkSCh5prl8PAq6HwomqzwCm5FXc OtEq8nJQgRyNwvnr9hGQxFZpwrFTXc1PtT7DU jHA6tXuZoikmIzygXUMFjqnyJ/MHpqhslD6KEm lKaDRXf09McKzUOA5NZ4z1UC17M/E/r5vp6Nq fMJFmmgqyWBRlHOkEzdJAfSYp0XxsCCaSmVsRG WKJiTaZ2SYEb/nlVdKqVjy34t1dlur1PI4inMI ZnIMHV1CHW2hAEwhM4Rle4c16sl6sd+tj0Vqw 8plj+APr8wefaJPS</latexit><latexit sha1_base6 4="krtCEJzidICVBlBiVQ4qmReG7vc=">AAACA HicbVBNS8NAEJ3Urxq/oh48eFksBU81KYJeCgU vHivYD2hD2Gw37drNJuxuhFJ68a948aCIV3+G N/+N2zYHbX0w8Hhvhpl5YcqZ0q77bRXW1jc2t4 rb9s7u3v6Bc3jUUkkmCW2ShCeyE2JFORO0qZn mtJNKiuOQ03Y4upn57UcqFUvEvR6n1I/xQLCIE ayNFDgn5Z7KYkSCh5prl8PAq6HwomqzwCm5FXc OtEq8nJQgRyNwvnr9hGQxFZpwrFTXc1PtT7DU jHA6tXuZoikmIzygXUMFjqnyJ/MHpqhslD6KEm lKaDRXf09McKzUOA5NZ4z1UC17M/E/r5vp6Nq fMJFmmgqyWBRlHOkEzdJAfSYp0XxsCCaSmVsRG WKJiTaZ2SYEb/nlVdKqVjy34t1dlur1PI4inMI ZnIMHV1CHW2hAEwhM4Rle4c16sl6sd+tj0Vqw 8plj+APr8wefaJPS</latexit><latexit sha1_base6 4="krtCEJzidICVBlBiVQ4qmReG7vc=">AAACA HicbVBNS8NAEJ3Urxq/oh48eFksBU81KYJeCgU vHivYD2hD2Gw37drNJuxuhFJ68a948aCIV3+G N/+N2zYHbX0w8Hhvhpl5YcqZ0q77bRXW1jc2t4 rb9s7u3v6Bc3jUUkkmCW2ShCeyE2JFORO0qZn mtJNKiuOQ03Y4upn57UcqFUvEvR6n1I/xQLCIE ayNFDgn5Z7KYkSCh5prl8PAq6HwomqzwCm5FXc OtEq8nJQgRyNwvnr9hGQxFZpwrFTXc1PtT7DU jHA6tXuZoikmIzygXUMFjqnyJ/MHpqhslD6KEm lKaDRXf09McKzUOA5NZ4z1UC17M/E/r5vp6Nq fMJFmmgqyWBRlHOkEzdJAfSYp0XxsCCaSmVsRG WKJiTaZ2SYEb/nlVdKqVjy34t1dlur1PI4inMI ZnIMHV1CHW2hAEwhM4Rle4c16sl6sd+tj0Vqw 8plj+APr8wefaJPS</latexit>
 i
<latexit sha1_base64="AgOfpc/xcn/LTPwWSEJnu V6mIgw=">AAACAXicbVDLSsNAFJ3UV42vqBvBzWApuLEmRdBNoeDGZQX7gDaEyXTSjp2ZhJmJUELd+CtuXCji 1r9w5984bbPQ1gMXDufcy733hAmjSrvut1VYWV1b3yhu2lvbO7t7zv5BS8WpxKSJYxbLTogUYVSQpqaakU4iC eIhI+1wdD312w9EKhqLOz1OiM/RQNCIYqSNFDhH5Z5KOcTBfc21y2Hg1WB4XrXPaOCU3Io7A1wmXk5KIEcjcL 56/RinnAiNGVKq67mJ9jMkNcWMTOxeqkiC8AgNSNdQgThRfjb7YALLRunDKJamhIYz9fdEhrhSYx6aTo70UC 16U/E/r5vq6MrPqEhSTQSeL4pSBnUMp3HAPpUEazY2BGFJza0QD5FEWJvQbBOCt/jyMmlVK55b8W4vSvV6Hkc RHIMTcAo8cAnq4AY0QBNg8AiewSt4s56sF+vd+pi3Fqx85hD8gfX5Aw7hlAk=</latexit><latexit sha1_base64="AgOfpc/xcn/LTPwWSEJnu V6mIgw=">AAACAXicbVDLSsNAFJ3UV42vqBvBzWApuLEmRdBNoeDGZQX7gDaEyXTSjp2ZhJmJUELd+CtuXCji 1r9w5984bbPQ1gMXDufcy733hAmjSrvut1VYWV1b3yhu2lvbO7t7zv5BS8WpxKSJYxbLTogUYVSQpqaakU4iC eIhI+1wdD312w9EKhqLOz1OiM/RQNCIYqSNFDhH5Z5KOcTBfc21y2Hg1WB4XrXPaOCU3Io7A1wmXk5KIEcjcL 56/RinnAiNGVKq67mJ9jMkNcWMTOxeqkiC8AgNSNdQgThRfjb7YALLRunDKJamhIYz9fdEhrhSYx6aTo70UC 16U/E/r5vq6MrPqEhSTQSeL4pSBnUMp3HAPpUEazY2BGFJza0QD5FEWJvQbBOCt/jyMmlVK55b8W4vSvV6Hkc RHIMTcAo8cAnq4AY0QBNg8AiewSt4s56sF+vd+pi3Fqx85hD8gfX5Aw7hlAk=</latexit><latexit sha1_base64="AgOfpc/xcn/LTPwWSEJnu V6mIgw=">AAACAXicbVDLSsNAFJ3UV42vqBvBzWApuLEmRdBNoeDGZQX7gDaEyXTSjp2ZhJmJUELd+CtuXCji 1r9w5984bbPQ1gMXDufcy733hAmjSrvut1VYWV1b3yhu2lvbO7t7zv5BS8WpxKSJYxbLTogUYVSQpqaakU4iC eIhI+1wdD312w9EKhqLOz1OiM/RQNCIYqSNFDhH5Z5KOcTBfc21y2Hg1WB4XrXPaOCU3Io7A1wmXk5KIEcjcL 56/RinnAiNGVKq67mJ9jMkNcWMTOxeqkiC8AgNSNdQgThRfjb7YALLRunDKJamhIYz9fdEhrhSYx6aTo70UC 16U/E/r5vq6MrPqEhSTQSeL4pSBnUMp3HAPpUEazY2BGFJza0QD5FEWJvQbBOCt/jyMmlVK55b8W4vSvV6Hkc RHIMTcAo8cAnq4AY0QBNg8AiewSt4s56sF+vd+pi3Fqx85hD8gfX5Aw7hlAk=</latexit><latexit sha1_base64="AgOfpc/xcn/LTPwWSEJnu V6mIgw=">AAACAXicbVDLSsNAFJ3UV42vqBvBzWApuLEmRdBNoeDGZQX7gDaEyXTSjp2ZhJmJUELd+CtuXCji 1r9w5984bbPQ1gMXDufcy733hAmjSrvut1VYWV1b3yhu2lvbO7t7zv5BS8WpxKSJYxbLTogUYVSQpqaakU4iC eIhI+1wdD312w9EKhqLOz1OiM/RQNCIYqSNFDhH5Z5KOcTBfc21y2Hg1WB4XrXPaOCU3Io7A1wmXk5KIEcjcL 56/RinnAiNGVKq67mJ9jMkNcWMTOxeqkiC8AgNSNdQgThRfjb7YALLRunDKJamhIYz9fdEhrhSYx6aTo70UC 16U/E/r5vq6MrPqEhSTQSeL4pSBnUMp3HAPpUEazY2BGFJza0QD5FEWJvQbBOCt/jyMmlVK55b8W4vSvV6Hkc RHIMTcAo8cAnq4AY0QBNg8AiewSt4s56sF+vd+pi3Fqx85hD8gfX5Aw7hlAk=</latexit>
 i
<latexit sha1_base64="AgOfpc/xcn/LTPwWSE JnuV6mIgw=">AAACAXicbVDLSsNAFJ3UV42vqBvBzWApuLEmRdBNoeDGZQX7gDaEyXTSjp2ZhJmJUEL d+CtuXCji1r9w5984bbPQ1gMXDufcy733hAmjSrvut1VYWV1b3yhu2lvbO7t7zv5BS8WpxKSJYxbLTo gUYVSQpqaakU4iCeIhI+1wdD312w9EKhqLOz1OiM/RQNCIYqSNFDhH5Z5KOcTBfc21y2Hg1WB4XrXP aOCU3Io7A1wmXk5KIEcjcL56/RinnAiNGVKq67mJ9jMkNcWMTOxeqkiC8AgNSNdQgThRfjb7YALLRun DKJamhIYz9fdEhrhSYx6aTo70UC16U/E/r5vq6MrPqEhSTQSeL4pSBnUMp3HAPpUEazY2BGFJza0QD5 FEWJvQbBOCt/jyMmlVK55b8W4vSvV6HkcRHIMTcAo8cAnq4AY0QBNg8AiewSt4s56sF+vd+pi3Fqx85 hD8gfX5Aw7hlAk=</latexit><latexit sha1_base64="AgOfpc/xcn/LTPwWSE JnuV6mIgw=">AAACAXicbVDLSsNAFJ3UV42vqBvBzWApuLEmRdBNoeDGZQX7gDaEyXTSjp2ZhJmJUEL d+CtuXCji1r9w5984bbPQ1gMXDufcy733hAmjSrvut1VYWV1b3yhu2lvbO7t7zv5BS8WpxKSJYxbLTo gUYVSQpqaakU4iCeIhI+1wdD312w9EKhqLOz1OiM/RQNCIYqSNFDhH5Z5KOcTBfc21y2Hg1WB4XrXP aOCU3Io7A1wmXk5KIEcjcL56/RinnAiNGVKq67mJ9jMkNcWMTOxeqkiC8AgNSNdQgThRfjb7YALLRun DKJamhIYz9fdEhrhSYx6aTo70UC16U/E/r5vq6MrPqEhSTQSeL4pSBnUMp3HAPpUEazY2BGFJza0QD5 FEWJvQbBOCt/jyMmlVK55b8W4vSvV6HkcRHIMTcAo8cAnq4AY0QBNg8AiewSt4s56sF+vd+pi3Fqx85 hD8gfX5Aw7hlAk=</latexit><latexit sha1_base64="AgOfpc/xcn/LTPwWSE JnuV6mIgw=">AAACAXicbVDLSsNAFJ3UV42vqBvBzWApuLEmRdBNoeDGZQX7gDaEyXTSjp2ZhJmJUEL d+CtuXCji1r9w5984bbPQ1gMXDufcy733hAmjSrvut1VYWV1b3yhu2lvbO7t7zv5BS8WpxKSJYxbLTo gUYVSQpqaakU4iCeIhI+1wdD312w9EKhqLOz1OiM/RQNCIYqSNFDhH5Z5KOcTBfc21y2Hg1WB4XrXP aOCU3Io7A1wmXk5KIEcjcL56/RinnAiNGVKq67mJ9jMkNcWMTOxeqkiC8AgNSNdQgThRfjb7YALLRun DKJamhIYz9fdEhrhSYx6aTo70UC16U/E/r5vq6MrPqEhSTQSeL4pSBnUMp3HAPpUEazY2BGFJza0QD5 FEWJvQbBOCt/jyMmlVK55b8W4vSvV6HkcRHIMTcAo8cAnq4AY0QBNg8AiewSt4s56sF+vd+pi3Fqx85 hD8gfX5Aw7hlAk=</latexit><latexit sha1_base64="AgOfpc/xcn/LTPwWSE JnuV6mIgw=">AAACAXicbVDLSsNAFJ3UV42vqBvBzWApuLEmRdBNoeDGZQX7gDaEyXTSjp2ZhJmJUEL d+CtuXCji1r9w5984bbPQ1gMXDufcy733hAmjSrvut1VYWV1b3yhu2lvbO7t7zv5BS8WpxKSJYxbLTo gUYVSQpqaakU4iCeIhI+1wdD312w9EKhqLOz1OiM/RQNCIYqSNFDhH5Z5KOcTBfc21y2Hg1WB4XrXP aOCU3Io7A1wmXk5KIEcjcL56/RinnAiNGVKq67mJ9jMkNcWMTOxeqkiC8AgNSNdQgThRfjb7YALLRun DKJamhIYz9fdEhrhSYx6aTo70UC16U/E/r5vq6MrPqEhSTQSeL4pSBnUMp3HAPpUEazY2BGFJza0QD5 FEWJvQbBOCt/jyMmlVK55b8W4vSvV6HkcRHIMTcAo8cAnq4AY0QBNg8AiewSt4s56sF+vd+pi3Fqx85 hD8gfX5Aw7hlAk=</latexit>
 , ,  ⅈ -ⅈ ⅈ -ⅈ ,  0. + 1.5 ⅈ 0. - 2.5 ⅈ ⅈ 0 i
<latexit sha1_base64="krtCEJzidICVBlBiVQ4qmReG7vc=">AAACAHicbVBNS8NAEJ3Urxq/ oh48eFksBU81KYJeCgUvHivYD2hD2Gw37drNJuxuhFJ68a948aCIV3+GN/+N2zYHbX0w8Hhvhpl5YcqZ0q77bRXW1jc2t4rb9s7u3v6Bc3jUUkkmCW2ShCeyE2JFORO0qZnmtJNKiuOQ03Y4upn57U cqFUvEvR6n1I/xQLCIEayNFDgn5Z7KYkSCh5prl8PAq6HwomqzwCm5FXcOtEq8nJQgRyNwvnr9hGQxFZpwrFTXc1PtT7DUjHA6tXuZoikmIzygXUMFjqnyJ/MHpqhslD6KEmlKaDRXf09McKzUOA5NZ 4z1UC17M/E/r5vp6NqfMJFmmgqyWBRlHOkEzdJAfSYp0XxsCCaSmVsRGWKJiTaZ2SYEb/nlVdKqVjy34t1dlur1PI4inMIZnIMHV1CHW2hAEwhM4Rle4c16sl6sd+tj0Vqw8plj+APr8wefaJPS</l atexit><latexit sha1_base64="krtCEJzidICVBlBiVQ4qmReG7vc=">AAACAHicbVBNS8NAEJ3Urxq/ oh48eFksBU81KYJeCgUvHivYD2hD2Gw37drNJuxuhFJ68a948aCIV3+GN/+N2zYHbX0w8Hhvhpl5YcqZ0q77bRXW1jc2t4rb9s7u3v6Bc3jUUkkmCW2ShCeyE2JFORO0qZnmtJNKiuOQ03Y4upn57U cqFUvEvR6n1I/xQLCIEayNFDgn5Z7KYkSCh5prl8PAq6HwomqzwCm5FXcOtEq8nJQgRyNwvnr9hGQxFZpwrFTXc1PtT7DUjHA6tXuZoikmIzygXUMFjqnyJ/MHpqhslD6KEmlKaDRXf09McKzUOA5NZ 4z1UC17M/E/r5vp6NqfMJFmmgqyWBRlHOkEzdJAfSYp0XxsCCaSmVsRGWKJiTaZ2SYEb/nlVdKqVjy34t1dlur1PI4inMIZnIMHV1CHW2hAEwhM4Rle4c16sl6sd+tj0Vqw8plj+APr8wefaJPS</l atexit><latexit sha1_base64="krtCEJzidICVBlBiVQ4qmReG7vc=">AAACAHicbVBNS8NAEJ3Urxq/ oh48eFksBU81KYJeCgUvHivYD2hD2Gw37drNJuxuhFJ68a948aCIV3+GN/+N2zYHbX0w8Hhvhpl5YcqZ0q77bRXW1jc2t4rb9s7u3v6Bc3jUUkkmCW2ShCeyE2JFORO0qZnmtJNKiuOQ03Y4upn57U cqFUvEvR6n1I/xQLCIEayNFDgn5Z7KYkSCh5prl8PAq6HwomqzwCm5FXcOtEq8nJQgRyNwvnr9hGQxFZpwrFTXc1PtT7DUjHA6tXuZoikmIzygXUMFjqnyJ/MHpqhslD6KEmlKaDRXf09McKzUOA5NZ 4z1UC17M/E/r5vp6NqfMJFmmgqyWBRlHOkEzdJAfSYp0XxsCCaSmVsRGWKJiTaZ2SYEb/nlVdKqVjy34t1dlur1PI4inMIZnIMHV1CHW2hAEwhM4Rle4c16sl6sd+tj0Vqw8plj+APr8wefaJPS</l atexit><latexit sha1_base64="krtCEJzidICVBlBiVQ4qmReG7vc=">AAACAHicbVBNS8NAEJ3Urxq/ oh48eFksBU81KYJeCgUvHivYD2hD2Gw37drNJuxuhFJ68a948aCIV3+GN/+N2zYHbX0w8Hhvhpl5YcqZ0q77bRXW1jc2t4rb9s7u3v6Bc3jUUkkmCW2ShCeyE2JFORO0qZnmtJNKiuOQ03Y4upn57U cqFUvEvR6n1I/xQLCIEayNFDgn5Z7KYkSCh5prl8PAq6HwomqzwCm5FXcOtEq8nJQgRyNwvnr9hGQxFZpwrFTXc1PtT7DUjHA6tXuZoikmIzygXUMFjqnyJ/MHpqhslD6KEmlKaDRXf09McKzUOA5NZ 4z1UC17M/E/r5vp6NqfMJFmmgqyWBRlHOkEzdJAfSYp0XxsCCaSmVsRGWKJiTaZ2SYEb/nlVdKqVjy34t1dlur1PI4inMIZnIMHV1CHW2hAEwhM4Rle4c16sl6sd+tj0Vqw8plj+APr8wefaJPS</l atexit>
0
<latexit sha1_base64="MxoDi/9KLdBojLk1W7GHxx1jI2w=">AAACDnicbVDLSsNAFJ3UV42vqEs3gyXg QmpSBN0UCm5cVrAPaEKYTCbt2MnDmYlQQr/Ajb/ixoUibl2782+ctFlo64ELh3Pu5d57/JRRIS3rW6usrK6tb1Q39a3tnd09Y/+gK5KMY9LBCUt430eCMBqTjqSSkX7KCYp8Rnr++Krwew+EC5rEt3KSEjdCw5iGFCOpJM8 wTUdkEcTeXdM61U3fs5vQP2vopnOfoQCiQtctz6hZdWsGuEzsktRAibZnfDlBgrOIxBIzJMTAtlLp5ohLihmZ6k4mSIrwGA3JQNEYRUS4+eydKTSVEsAw4apiCWfq74kcRUJMIl91RkiOxKJXiP95g0yGl25O4zSTJMbzRW HGoExgkQ0MKCdYsokiCHOqboV4hDjCUiWoqxDsxZeXSbdRt626fXNea7XKOKrgCByDE2CDC9AC16ANOgCDR/AMXsGb9qS9aO/ax7y1opUzh+APtM8f+oaYPg==</latexit><latexit sha1_base64="MxoDi/9KLdBojLk1W7GHxx1jI2w=">AAACDnicbVDLSsNAFJ3UV42vqEs3gyXg QmpSBN0UCm5cVrAPaEKYTCbt2MnDmYlQQr/Ajb/ixoUibl2782+ctFlo64ELh3Pu5d57/JRRIS3rW6usrK6tb1Q39a3tnd09Y/+gK5KMY9LBCUt430eCMBqTjqSSkX7KCYp8Rnr++Krwew+EC5rEt3KSEjdCw5iGFCOpJM8 wTUdkEcTeXdM61U3fs5vQP2vopnOfoQCiQtctz6hZdWsGuEzsktRAibZnfDlBgrOIxBIzJMTAtlLp5ohLihmZ6k4mSIrwGA3JQNEYRUS4+eydKTSVEsAw4apiCWfq74kcRUJMIl91RkiOxKJXiP95g0yGl25O4zSTJMbzRW HGoExgkQ0MKCdYsokiCHOqboV4hDjCUiWoqxDsxZeXSbdRt626fXNea7XKOKrgCByDE2CDC9AC16ANOgCDR/AMXsGb9qS9aO/ax7y1opUzh+APtM8f+oaYPg==</latexit><latexit sha1_base64="MxoDi/9KLdBojLk1W7GHxx1jI2w=">AAACDnicbVDLSsNAFJ3UV42vqEs3gyXg QmpSBN0UCm5cVrAPaEKYTCbt2MnDmYlQQr/Ajb/ixoUibl2782+ctFlo64ELh3Pu5d57/JRRIS3rW6usrK6tb1Q39a3tnd09Y/+gK5KMY9LBCUt430eCMBqTjqSSkX7KCYp8Rnr++Krwew+EC5rEt3KSEjdCw5iGFCOpJM8 wTUdkEcTeXdM61U3fs5vQP2vopnOfoQCiQtctz6hZdWsGuEzsktRAibZnfDlBgrOIxBIzJMTAtlLp5ohLihmZ6k4mSIrwGA3JQNEYRUS4+eydKTSVEsAw4apiCWfq74kcRUJMIl91RkiOxKJXiP95g0yGl25O4zSTJMbzRW HGoExgkQ0MKCdYsokiCHOqboV4hDjCUiWoqxDsxZeXSbdRt626fXNea7XKOKrgCByDE2CDC9AC16ANOgCDR/AMXsGb9qS9aO/ax7y1opUzh+APtM8f+oaYPg==</latexit><latexit sha1_base64="MxoDi/9KLdBojLk1W7GHxx1jI2w=">AAACDnicbVDLSsNAFJ3UV42vqEs3gyXg QmpSBN0UCm5cVrAPaEKYTCbt2MnDmYlQQr/Ajb/ixoUibl2782+ctFlo64ELh3Pu5d57/JRRIS3rW6usrK6tb1Q39a3tnd09Y/+gK5KMY9LBCUt430eCMBqTjqSSkX7KCYp8Rnr++Krwew+EC5rEt3KSEjdCw5iGFCOpJM8 wTUdkEcTeXdM61U3fs5vQP2vopnOfoQCiQtctz6hZdWsGuEzsktRAibZnfDlBgrOIxBIzJMTAtlLp5ohLihmZ6k4mSIrwGA3JQNEYRUS4+eydKTSVEsAw4apiCWfq74kcRUJMIl91RkiOxKJXiP95g0yGl25O4zSTJMbzRW HGoExgkQ0MKCdYsokiCHOqboV4hDjCUiWoqxDsxZeXSbdRt626fXNea7XKOKrgCByDE2CDC9AC16ANOgCDR/AMXsGb9qS9aO/ax7y1opUzh+APtM8f+oaYPg==</latexit>
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<latexit sha1_base64="M4oT19BV9/kq2Nas+y4 oHY9G9fU=">AAACD3icbVDLSsNAFJ3UV42vqEs3gyXiQmtSBN0UCm5cVrAPaEKYTCbt2MnDmYlQSv/Aj b/ixoUibt2682+ctFlo64ELh3Pu5d57/JRRIS3rWystLa+srpXX9Y3Nre0dY3evLZKMY9LCCUt410eCM BqTlqSSkW7KCYp8Rjr+8Cr3Ow+EC5rEt3KUEjdC/ZiGFCOpJM84Mh2RRRB7d3XrRDd9z65D/6ymm859h gKIcl0/tT2jYlWtKeAisQtSAQWanvHlBAnOIhJLzJAQPdtKpTtGXFLMyER3MkFShIeoT3qKxigiwh1P/5 lAUykBDBOuKpZwqv6eGKNIiFHkq84IyYGY93LxP6+XyfDSHdM4zSSJ8WxRmDEoE5iHAwPKCZZspAjCnK pbIR4gjrBUEeoqBHv+5UXSrlVtq2rfnFcajSKOMjgAh+AY2OACNMA1aIIWwOARPINX8KY9aS/au/Yxay 1pxcw++APt8wdvuJh2</latexit><latexit sha1_base64="M4oT19BV9/kq2Nas+y4 oHY9G9fU=">AAACD3icbVDLSsNAFJ3UV42vqEs3gyXiQmtSBN0UCm5cVrAPaEKYTCbt2MnDmYlQSv/Aj b/ixoUibt2682+ctFlo64ELh3Pu5d57/JRRIS3rWystLa+srpXX9Y3Nre0dY3evLZKMY9LCCUt410eCM BqTlqSSkW7KCYp8Rjr+8Cr3Ow+EC5rEt3KUEjdC/ZiGFCOpJM84Mh2RRRB7d3XrRDd9z65D/6ymm859h gKIcl0/tT2jYlWtKeAisQtSAQWanvHlBAnOIhJLzJAQPdtKpTtGXFLMyER3MkFShIeoT3qKxigiwh1P/5 lAUykBDBOuKpZwqv6eGKNIiFHkq84IyYGY93LxP6+XyfDSHdM4zSSJ8WxRmDEoE5iHAwPKCZZspAjCnK pbIR4gjrBUEeoqBHv+5UXSrlVtq2rfnFcajSKOMjgAh+AY2OACNMA1aIIWwOARPINX8KY9aS/au/Yxay 1pxcw++APt8wdvuJh2</latexit><latexit sha1_base64="M4oT19BV9/kq2Nas+y4 oHY9G9fU=">AAACD3icbVDLSsNAFJ3UV42vqEs3gyXiQmtSBN0UCm5cVrAPaEKYTCbt2MnDmYlQSv/Aj b/ixoUibt2682+ctFlo64ELh3Pu5d57/JRRIS3rWystLa+srpXX9Y3Nre0dY3evLZKMY9LCCUt410eCM BqTlqSSkW7KCYp8Rjr+8Cr3Ow+EC5rEt3KUEjdC/ZiGFCOpJM84Mh2RRRB7d3XrRDd9z65D/6ymm859h gKIcl0/tT2jYlWtKeAisQtSAQWanvHlBAnOIhJLzJAQPdtKpTtGXFLMyER3MkFShIeoT3qKxigiwh1P/5 lAUykBDBOuKpZwqv6eGKNIiFHkq84IyYGY93LxP6+XyfDSHdM4zSSJ8WxRmDEoE5iHAwPKCZZspAjCnK pbIR4gjrBUEeoqBHv+5UXSrlVtq2rfnFcajSKOMjgAh+AY2OACNMA1aIIWwOARPINX8KY9aS/au/Yxay 1pxcw++APt8wdvuJh2</latexit><latexit sha1_base64="M4oT19BV9/kq2Nas+y4 oHY9G9fU=">AAACD3icbVDLSsNAFJ3UV42vqEs3gyXiQmtSBN0UCm5cVrAPaEKYTCbt2MnDmYlQSv/Aj b/ixoUibt2682+ctFlo64ELh3Pu5d57/JRRIS3rWystLa+srpXX9Y3Nre0dY3evLZKMY9LCCUt410eCM BqTlqSSkW7KCYp8Rjr+8Cr3Ow+EC5rEt3KUEjdC/ZiGFCOpJM84Mh2RRRB7d3XrRDd9z65D/6ymm859h gKIcl0/tT2jYlWtKeAisQtSAQWanvHlBAnOIhJLzJAQPdtKpTtGXFLMyER3MkFShIeoT3qKxigiwh1P/5 lAUykBDBOuKpZwqv6eGKNIiFHkq84IyYGY93LxP6+XyfDSHdM4zSSJ8WxRmDEoE5iHAwPKCZZspAjCnK pbIR4gjrBUEeoqBHv+5UXSrlVtq2rfnFcajSKOMjgAh+AY2OACNMA1aIIWwOARPINX8KY9aS/au/Yxay 1pxcw++APt8wdvuJh2</latexit>
aj = 0, bj 6= 0
<latexit sha1_base64="NWUKOZb5Jxi1M2emiOe puq1EQNE=">AAACTnicbVFNaxsxENW6aetsv9z2mIuIMfRgXK0TaKAYDL30mEKdBLxmmZVnEzVa7VaaDTW Lf2Evpbf+jF56aCmJ1nYhHx0Qerz3ZiQ9paVWjoT4EbTubd1/8LC9HT56/OTps87zF0euqKzEiSx0YU9S cKiVwQkp0nhSWoQ81Xicnr9r9OMLtE4V5iMtSpzlcGpUpiSQp5IO9mJX5Vwmn0Yi7KX/tmjE09fDFeqny d5I9MNe/LmCOQfPQLLf2OqY8As5WmiMMwtyb7iM36oQmiH9tdsPjA2KpNMVA7EqfhdEG9BlmzpMOt/jeSG rHA1JDc5NI1HSrAZLSmpchnHlsAR5Dqc49dBAjm5Wr+JY8p5n5jwrrF+G+Iq93lFD7twiT70zBzpzt7WG /J82rSg7mNXKlBWhkeuDskpzKniTLZ8ri5L0wgOQVvm7cnkGPhnyPxD6EKLbT74LjoaDSAyiD/vd8XgTR 5vtsF32ikXsDRuz9+yQTZhkX9lP9pv9Cb4Fv4K/weXa2go2PS/ZjWq1rwBGEa41</latexit><latexit sha1_base64="NWUKOZb5Jxi1M2emiOe puq1EQNE=">AAACTnicbVFNaxsxENW6aetsv9z2mIuIMfRgXK0TaKAYDL30mEKdBLxmmZVnEzVa7VaaDTW Lf2Evpbf+jF56aCmJ1nYhHx0Qerz3ZiQ9paVWjoT4EbTubd1/8LC9HT56/OTps87zF0euqKzEiSx0YU9S cKiVwQkp0nhSWoQ81Xicnr9r9OMLtE4V5iMtSpzlcGpUpiSQp5IO9mJX5Vwmn0Yi7KX/tmjE09fDFeqny d5I9MNe/LmCOQfPQLLf2OqY8As5WmiMMwtyb7iM36oQmiH9tdsPjA2KpNMVA7EqfhdEG9BlmzpMOt/jeSG rHA1JDc5NI1HSrAZLSmpchnHlsAR5Dqc49dBAjm5Wr+JY8p5n5jwrrF+G+Iq93lFD7twiT70zBzpzt7WG /J82rSg7mNXKlBWhkeuDskpzKniTLZ8ri5L0wgOQVvm7cnkGPhnyPxD6EKLbT74LjoaDSAyiD/vd8XgTR 5vtsF32ikXsDRuz9+yQTZhkX9lP9pv9Cb4Fv4K/weXa2go2PS/ZjWq1rwBGEa41</latexit><latexit sha1_base64="NWUKOZb5Jxi1M2emiOe puq1EQNE=">AAACTnicbVFNaxsxENW6aetsv9z2mIuIMfRgXK0TaKAYDL30mEKdBLxmmZVnEzVa7VaaDTW Lf2Evpbf+jF56aCmJ1nYhHx0Qerz3ZiQ9paVWjoT4EbTubd1/8LC9HT56/OTps87zF0euqKzEiSx0YU9S cKiVwQkp0nhSWoQ81Xicnr9r9OMLtE4V5iMtSpzlcGpUpiSQp5IO9mJX5Vwmn0Yi7KX/tmjE09fDFeqny d5I9MNe/LmCOQfPQLLf2OqY8As5WmiMMwtyb7iM36oQmiH9tdsPjA2KpNMVA7EqfhdEG9BlmzpMOt/jeSG rHA1JDc5NI1HSrAZLSmpchnHlsAR5Dqc49dBAjm5Wr+JY8p5n5jwrrF+G+Iq93lFD7twiT70zBzpzt7WG /J82rSg7mNXKlBWhkeuDskpzKniTLZ8ri5L0wgOQVvm7cnkGPhnyPxD6EKLbT74LjoaDSAyiD/vd8XgTR 5vtsF32ikXsDRuz9+yQTZhkX9lP9pv9Cb4Fv4K/weXa2go2PS/ZjWq1rwBGEa41</latexit><latexit sha1_base64="NWUKOZb5Jxi1M2emiOe puq1EQNE=">AAACTnicbVFNaxsxENW6aetsv9z2mIuIMfRgXK0TaKAYDL30mEKdBLxmmZVnEzVa7VaaDTW Lf2Evpbf+jF56aCmJ1nYhHx0Qerz3ZiQ9paVWjoT4EbTubd1/8LC9HT56/OTps87zF0euqKzEiSx0YU9S cKiVwQkp0nhSWoQ81Xicnr9r9OMLtE4V5iMtSpzlcGpUpiSQp5IO9mJX5Vwmn0Yi7KX/tmjE09fDFeqny d5I9MNe/LmCOQfPQLLf2OqY8As5WmiMMwtyb7iM36oQmiH9tdsPjA2KpNMVA7EqfhdEG9BlmzpMOt/jeSG rHA1JDc5NI1HSrAZLSmpchnHlsAR5Dqc49dBAjm5Wr+JY8p5n5jwrrF+G+Iq93lFD7twiT70zBzpzt7WG /J82rSg7mNXKlBWhkeuDskpzKniTLZ8ri5L0wgOQVvm7cnkGPhnyPxD6EKLbT74LjoaDSAyiD/vd8XgTR 5vtsF32ikXsDRuz9+yQTZhkX9lP9pv9Cb4Fv4K/weXa2go2PS/ZjWq1rwBGEa41</latexit>
aj = 0, b4 = 0
<latexit sha1_base64="UcR4fxciMBQzEJXO4tSljNhDW/4=">AAACTHicbVDLahsxFNW4zaOTl9suu xE1hiyMM+MEEigGQzddplAnAY8ZruQ7iRLNI9KdEDP4A7vport+RTdZpJRCNbYLzeOA0OGcc/U4otDKUhD88BovXq6srq2/8jc2t7Z3mq/fnNi8NBKHMte5ORNgUasMh6RI41lhEFKh8VRcfaz90xs0VuXZF5oWOE7 hPFOJkkBOipuyHdky5TK+7Ad+W/zbwj4Xe70564h4vx90/HZ0XcKEg1MgPqhjVUR4S5amGqPEgNzvzaIPyof6kM4iLepk3GwF3WAO/pSES9JiSxzHze/RJJdlihlJDdaOwqCgcQWGlNQ486PSYgHyCs5x5GgGKdpxN S9jxttOmfAkN25lxOfq/xMVpNZOU+GSKdCFfezV4nPeqKTkaFyprCgJM7m4KCk1p5zXzfKJMihJTx0BaZR7K5cX4Hoh17/vSggff/kpOel1w6Abfj5oDQbLOtbZO/ae7bKQHbIB+8SO2ZBJ9pX9ZPfsl/fNu/N+e3 8W0Ya3nHnLHqCx+hf8vKz5</latexit><latexit sha1_base64="UcR4fxciMBQzEJXO4tSljNhDW/4=">AAACTHicbVDLahsxFNW4zaOTl9suu xE1hiyMM+MEEigGQzddplAnAY8ZruQ7iRLNI9KdEDP4A7vport+RTdZpJRCNbYLzeOA0OGcc/U4otDKUhD88BovXq6srq2/8jc2t7Z3mq/fnNi8NBKHMte5ORNgUasMh6RI41lhEFKh8VRcfaz90xs0VuXZF5oWOE7 hPFOJkkBOipuyHdky5TK+7Ad+W/zbwj4Xe70564h4vx90/HZ0XcKEg1MgPqhjVUR4S5amGqPEgNzvzaIPyof6kM4iLepk3GwF3WAO/pSES9JiSxzHze/RJJdlihlJDdaOwqCgcQWGlNQ486PSYgHyCs5x5GgGKdpxN S9jxttOmfAkN25lxOfq/xMVpNZOU+GSKdCFfezV4nPeqKTkaFyprCgJM7m4KCk1p5zXzfKJMihJTx0BaZR7K5cX4Hoh17/vSggff/kpOel1w6Abfj5oDQbLOtbZO/ae7bKQHbIB+8SO2ZBJ9pX9ZPfsl/fNu/N+e3 8W0Ya3nHnLHqCx+hf8vKz5</latexit><latexit sha1_base64="UcR4fxciMBQzEJXO4tSljNhDW/4=">AAACTHicbVDLahsxFNW4zaOTl9suu xE1hiyMM+MEEigGQzddplAnAY8ZruQ7iRLNI9KdEDP4A7vport+RTdZpJRCNbYLzeOA0OGcc/U4otDKUhD88BovXq6srq2/8jc2t7Z3mq/fnNi8NBKHMte5ORNgUasMh6RI41lhEFKh8VRcfaz90xs0VuXZF5oWOE7 hPFOJkkBOipuyHdky5TK+7Ad+W/zbwj4Xe70564h4vx90/HZ0XcKEg1MgPqhjVUR4S5amGqPEgNzvzaIPyof6kM4iLepk3GwF3WAO/pSES9JiSxzHze/RJJdlihlJDdaOwqCgcQWGlNQ486PSYgHyCs5x5GgGKdpxN S9jxttOmfAkN25lxOfq/xMVpNZOU+GSKdCFfezV4nPeqKTkaFyprCgJM7m4KCk1p5zXzfKJMihJTx0BaZR7K5cX4Hoh17/vSggff/kpOel1w6Abfj5oDQbLOtbZO/ae7bKQHbIB+8SO2ZBJ9pX9ZPfsl/fNu/N+e3 8W0Ya3nHnLHqCx+hf8vKz5</latexit><latexit sha1_base64="UcR4fxciMBQzEJXO4tSljNhDW/4=">AAACTHicbVDLahsxFNW4zaOTl9suu xE1hiyMM+MEEigGQzddplAnAY8ZruQ7iRLNI9KdEDP4A7vport+RTdZpJRCNbYLzeOA0OGcc/U4otDKUhD88BovXq6srq2/8jc2t7Z3mq/fnNi8NBKHMte5ORNgUasMh6RI41lhEFKh8VRcfaz90xs0VuXZF5oWOE7 hPFOJkkBOipuyHdky5TK+7Ad+W/zbwj4Xe70564h4vx90/HZ0XcKEg1MgPqhjVUR4S5amGqPEgNzvzaIPyof6kM4iLepk3GwF3WAO/pSES9JiSxzHze/RJJdlihlJDdaOwqCgcQWGlNQ486PSYgHyCs5x5GgGKdpxN S9jxttOmfAkN25lxOfq/xMVpNZOU+GSKdCFfezV4nPeqKTkaFyprCgJM7m4KCk1p5zXzfKJMihJTx0BaZR7K5cX4Hoh17/vSggff/kpOel1w6Abfj5oDQbLOtbZO/ae7bKQHbIB+8SO2ZBJ9pX9ZPfsl/fNu/N+e3 8W0Ya3nHnLHqCx+hf8vKz5</latexit>
b1, b3 = 0, a2, a4 = 0
<latexit sha1_base64="HzL+1M7qnK3iE1mG4QC/8UeFx3U=">AAACUnicbVJNaxsxEJWdNk22+XDSYy 6iZqEH4+46gRZCwNBLjwnEdsBrlpE8myjRflSaLTWLf2Mg9NIf0ksOSbS2C23SAcGbN29G0pNEoZWlIPjVaK69er3+ZmPTe7u1vbPb2tsf2rw0Egcy17m5EGBRqwwHpEjjRWEQUqFxJG6+1PXRdzRW5dk5zQqcpHCZ qURJIEfFLeVHtky5jK9Pgo7nR99KmHJRZ54v4vCEi489z4GOiA9rxVIAca8D8VEtqiLCH2RppjFKDMjD3jw6Vp4Pi4l/5jlp3GoH3WAR/CUIV6DNVnEat+6iaS7LFDOSGqwdh0FBkwoMKalx7kWlxQLkDVzi2MEMUr STamHJnPuOmfIkN25lxBfs3x0VpNbOUuGUKdCVfV6ryf/VxiUlnyeVyoqSMJPLjZJSc8p57S+fKoOS9MwBkEa5s3J5Bc4Ycq/gORPC51d+CYa9bhh0w7Ojdr+/smODHbD37AML2SfWZ1/ZKRswyW7Zb/bAHhs/G/dN 90uW0mZj1fOO/RPNrSfIrK1m</latexit><latexit sha1_base64="HzL+1M7qnK3iE1mG4QC/8UeFx3U=">AAACUnicbVJNaxsxEJWdNk22+XDSYy 6iZqEH4+46gRZCwNBLjwnEdsBrlpE8myjRflSaLTWLf2Mg9NIf0ksOSbS2C23SAcGbN29G0pNEoZWlIPjVaK69er3+ZmPTe7u1vbPb2tsf2rw0Egcy17m5EGBRqwwHpEjjRWEQUqFxJG6+1PXRdzRW5dk5zQqcpHCZ qURJIEfFLeVHtky5jK9Pgo7nR99KmHJRZ54v4vCEi489z4GOiA9rxVIAca8D8VEtqiLCH2RppjFKDMjD3jw6Vp4Pi4l/5jlp3GoH3WAR/CUIV6DNVnEat+6iaS7LFDOSGqwdh0FBkwoMKalx7kWlxQLkDVzi2MEMUr STamHJnPuOmfIkN25lxBfs3x0VpNbOUuGUKdCVfV6ryf/VxiUlnyeVyoqSMJPLjZJSc8p57S+fKoOS9MwBkEa5s3J5Bc4Ycq/gORPC51d+CYa9bhh0w7Ojdr+/smODHbD37AML2SfWZ1/ZKRswyW7Zb/bAHhs/G/dN 90uW0mZj1fOO/RPNrSfIrK1m</latexit><latexit sha1_base64="HzL+1M7qnK3iE1mG4QC/8UeFx3U=">AAACUnicbVJNaxsxEJWdNk22+XDSYy 6iZqEH4+46gRZCwNBLjwnEdsBrlpE8myjRflSaLTWLf2Mg9NIf0ksOSbS2C23SAcGbN29G0pNEoZWlIPjVaK69er3+ZmPTe7u1vbPb2tsf2rw0Egcy17m5EGBRqwwHpEjjRWEQUqFxJG6+1PXRdzRW5dk5zQqcpHCZ qURJIEfFLeVHtky5jK9Pgo7nR99KmHJRZ54v4vCEi489z4GOiA9rxVIAca8D8VEtqiLCH2RppjFKDMjD3jw6Vp4Pi4l/5jlp3GoH3WAR/CUIV6DNVnEat+6iaS7LFDOSGqwdh0FBkwoMKalx7kWlxQLkDVzi2MEMUr STamHJnPuOmfIkN25lxBfs3x0VpNbOUuGUKdCVfV6ryf/VxiUlnyeVyoqSMJPLjZJSc8p57S+fKoOS9MwBkEa5s3J5Bc4Ycq/gORPC51d+CYa9bhh0w7Ojdr+/smODHbD37AML2SfWZ1/ZKRswyW7Zb/bAHhs/G/dN 90uW0mZj1fOO/RPNrSfIrK1m</latexit><latexit sha1_base64="HzL+1M7qnK3iE1mG4QC/8UeFx3U=">AAACUnicbVJNaxsxEJWdNk22+XDSYy 6iZqEH4+46gRZCwNBLjwnEdsBrlpE8myjRflSaLTWLf2Mg9NIf0ksOSbS2C23SAcGbN29G0pNEoZWlIPjVaK69er3+ZmPTe7u1vbPb2tsf2rw0Egcy17m5EGBRqwwHpEjjRWEQUqFxJG6+1PXRdzRW5dk5zQqcpHCZ qURJIEfFLeVHtky5jK9Pgo7nR99KmHJRZ54v4vCEi489z4GOiA9rxVIAca8D8VEtqiLCH2RppjFKDMjD3jw6Vp4Pi4l/5jlp3GoH3WAR/CUIV6DNVnEat+6iaS7LFDOSGqwdh0FBkwoMKalx7kWlxQLkDVzi2MEMUr STamHJnPuOmfIkN25lxBfs3x0VpNbOUuGUKdCVfV6ryf/VxiUlnyeVyoqSMJPLjZJSc8p57S+fKoOS9MwBkEa5s3J5Bc4Ycq/gORPC51d+CYa9bhh0w7Ojdr+/smODHbD37AML2SfWZ1/ZKRswyW7Zb/bAHhs/G/dN 90uW0mZj1fOO/RPNrSfIrK1m</latexit>
Hamiltonian
<latexit sha1_base64="MvkAIw5x1DkrKlnph4LWhD7mLIw=">AAACZ3icbVFdaxQxFM2MX3X86GpFB F+iy4APyzqzLShIoehLHyu4bWFnGW6ymTZtPsbkjnQZ1h/pm++++C/MTFeorRcCJ+ece5OcsFpJj1n2M4pv3b5z997G/eTBw0ePNwdPnh562zguptwq644ZeKGkEVOUqMRx7QRopsQRO//U6UffhPPSmi+4rMVcw4 mRleSAgSoH39PCN5ry8mw3GyVp8bWBBWXdLklZme9S9nbSoxErt69YoJyMoNzpbG2B4gI9LpUoKgd8e7IqPsgkhX7m34mdtdDMXrT7oKVCaySYVTkYZuOsL3oT5GswJOs6KAc/ioXljRYGuQLvZ3lW47wFh5IrsUqK xosa+DmciFmABrTw87bPaUXTwCxoZV1YBmnPXu1oQXu/1Cw4NeCpv6515P+0WYPV+3krTd2gMPzyoKpRFC3tQqcL6QRHtQwAuJPhrpSfQsgKw9ckIYT8+pNvgsPJOM/G+eed4d7HdRwb5CV5Td6QnLwje2SfHJAp4 eRXlERb0bPod7wZP49fXFrjaN2zRf6p+NUf4eqyEA==</latexit><latexit sha1_base64="MvkAIw5x1DkrKlnph4LWhD7mLIw=">AAACZ3icbVFdaxQxFM2MX3X86GpFB F+iy4APyzqzLShIoehLHyu4bWFnGW6ymTZtPsbkjnQZ1h/pm++++C/MTFeorRcCJ+ece5OcsFpJj1n2M4pv3b5z997G/eTBw0ePNwdPnh562zguptwq644ZeKGkEVOUqMRx7QRopsQRO//U6UffhPPSmi+4rMVcw4 mRleSAgSoH39PCN5ry8mw3GyVp8bWBBWXdLklZme9S9nbSoxErt69YoJyMoNzpbG2B4gI9LpUoKgd8e7IqPsgkhX7m34mdtdDMXrT7oKVCaySYVTkYZuOsL3oT5GswJOs6KAc/ioXljRYGuQLvZ3lW47wFh5IrsUqK xosa+DmciFmABrTw87bPaUXTwCxoZV1YBmnPXu1oQXu/1Cw4NeCpv6515P+0WYPV+3krTd2gMPzyoKpRFC3tQqcL6QRHtQwAuJPhrpSfQsgKw9ckIYT8+pNvgsPJOM/G+eed4d7HdRwb5CV5Td6QnLwje2SfHJAp4 eRXlERb0bPod7wZP49fXFrjaN2zRf6p+NUf4eqyEA==</latexit><latexit sha1_base64="MvkAIw5x1DkrKlnph4LWhD7mLIw=">AAACZ3icbVFdaxQxFM2MX3X86GpFB F+iy4APyzqzLShIoehLHyu4bWFnGW6ymTZtPsbkjnQZ1h/pm++++C/MTFeorRcCJ+ece5OcsFpJj1n2M4pv3b5z997G/eTBw0ePNwdPnh562zguptwq644ZeKGkEVOUqMRx7QRopsQRO//U6UffhPPSmi+4rMVcw4 mRleSAgSoH39PCN5ry8mw3GyVp8bWBBWXdLklZme9S9nbSoxErt69YoJyMoNzpbG2B4gI9LpUoKgd8e7IqPsgkhX7m34mdtdDMXrT7oKVCaySYVTkYZuOsL3oT5GswJOs6KAc/ioXljRYGuQLvZ3lW47wFh5IrsUqK xosa+DmciFmABrTw87bPaUXTwCxoZV1YBmnPXu1oQXu/1Cw4NeCpv6515P+0WYPV+3krTd2gMPzyoKpRFC3tQqcL6QRHtQwAuJPhrpSfQsgKw9ckIYT8+pNvgsPJOM/G+eed4d7HdRwb5CV5Td6QnLwje2SfHJAp4 eRXlERb0bPod7wZP49fXFrjaN2zRf6p+NUf4eqyEA==</latexit><latexit sha1_base64="MvkAIw5x1DkrKlnph4LWhD7mLIw=">AAACZ3icbVFdaxQxFM2MX3X86GpFB F+iy4APyzqzLShIoehLHyu4bWFnGW6ymTZtPsbkjnQZ1h/pm++++C/MTFeorRcCJ+ece5OcsFpJj1n2M4pv3b5z997G/eTBw0ePNwdPnh562zguptwq644ZeKGkEVOUqMRx7QRopsQRO//U6UffhPPSmi+4rMVcw4 mRleSAgSoH39PCN5ry8mw3GyVp8bWBBWXdLklZme9S9nbSoxErt69YoJyMoNzpbG2B4gI9LpUoKgd8e7IqPsgkhX7m34mdtdDMXrT7oKVCaySYVTkYZuOsL3oT5GswJOs6KAc/ioXljRYGuQLvZ3lW47wFh5IrsUqK xosa+DmciFmABrTw87bPaUXTwCxoZV1YBmnPXu1oQXu/1Cw4NeCpv6515P+0WYPV+3krTd2gMPzyoKpRFC3tQqcL6QRHtQwAuJPhrpSfQsgKw9ckIYT8+pNvgsPJOM/G+eed4d7HdRwb5CV5Td6QnLwje2SfHJAp4 eRXlERb0bPod7wZP49fXFrjaN2zRf6p+NUf4eqyEA==</latexit>
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FIG. 4 Three gradient + Hamiltonian flows for N=4. The values of the cj are indicated next to the corresponding βj . Tra-
jectories with white background correspond to trajectories in TN−1 that are homoclinic connections to/from sync. Trajectories
with yellow (red) background have forward (backward) limits corresponding to (N−1, 1) states.
The real part of F (w) can be interpreted as the electrostatic potential for the 2D electric field on the plane given
by point charges at βj with charge aj (up to some constant of proportionality depending on units, of course). The
w˙ trajectories in ∆ lie on the field lines for this electric field. Let us call the oscillators positive, negative or null
depending on whether the coefficients aj are positive, negative or zero respectively.
Theorem 4. Consider the K-S system with cj = aj ∈ R and a = 0; assume some aj 6= 0. Then almost all trajectories
in the reduced state space TN−1 are heteroclinic connections from an (N−1, 1) state with a positive oscillator out of
phase to an (N−1, 1) state with a negative oscillator out of phase.
Proof. Assume N ≥ 3 (the case N = 2 is trivial; (9 shows that the flow is identically 0). The trajectories for the w˙
flow lie along the level sets of the function
V (w) = ImF (w) = 2
N∑
j=1
aj arg(w − βj).
The w˙ flow can have fixed points in the disc ∆, which we saw above must be (perhaps higher order) saddles. So we
may have finitely many trajectories converging to a saddle point in ∆. In the previous section we showed that V
is constant along the arcs of S1 − {β1, . . . , βN}. Since F is holomorphic near β 6= βj , the level sets of the function
V = ImF will have a single, smooth branch at any β ∈ S1 − {β1, . . . , βN}, unless β is a critical point of F . This
implies that a trajectory w(t) for the w˙ flow cannot converge to a point β ∈ S1, with β 6= βj , unless β is a critical
point for F , because the level set at β is the arc of the circle containing β. If β is a critical point of F , the level
sets of V will have finitely many smooth branches intersecting in distinct angles at β, so we may have finitely many
trajectories converging to β in this case. The same argument shows that there are at most finitely many trajectories
converging to a null βj .
Therefore all but finitely many trajectories w(t) converge in forward and backward time to some non-null βj . The
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real potential for this flow is
U(w) =
N∑
j=1
aj log |w − βj |,
and U˙ > 0 along non-trivial trajectories. If w(t) converges to a non-null βj in forward time, then we must have
aj < 0; otherwise U(w(t)) → −∞. Therefore all but finitely trajectories converge to negative (resp. positive) βj
in forward (resp. backward) time (the “test charge” for the flow is positive). The trajectories converging to each
non-null βj are in one-to-one correspondence to all asymptotic angles of approach to βj , because V (w(t)) is conserved
along trajectories. So we see that there is a one-parameter family of trajectories converging in forward time to the
negative βj , and a one-parameter family converging in backward time to the positive βj . This gives a complete picture
of the dynamics of the w˙ flow. The corresponding trajectories in the reduced group orbit G˜p converge in forward
(resp. backward) time to all possible (N−1, 1) states with a negative (resp. positive) oscillator out of phase. The
finitely many exceptional trajectories converge to an asynchronous fixed state in G˜p, or to an (N−1, 1) state with a
null oscillator out of phase, or to sync, in forward or backward time.
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FIG. 5 Two gradient + Hamiltonian w˙ flows with real cj for N = 4 (“electrostatic” case). In both examples two oscillators
have “charge” +1, two have “charge” −1.
Figure 5 shows two examples of phase portraits in the electrostatic case for N = 4. In both cases two of the
oscillators have “charge” +1 and two have “charge” −1. In the first panel the charges alternate around the circle,
and there is a saddle at w = 0. In the second panel the electric field has two saddles at ±epii/4 on the boundary circle
(blue dots) with an exceptional trajectory connecting them, which corresponds to a homoclinic orbit to and from sync
in TN−1. Note that the cj for the 1st panels of Figures 4 and 5 are related by a factor of i, so these two w˙ flows are
orthogonal. Both flows are simultaneously gradient and Hamiltonian but with functions U(w) and V (w) exchanged.
We conclude this section by mentioning that in the course of our work above, we proved that if finitely many point
charges are placed on a circle, and the total charge is 0, then the corresponding 2D electric field is everywhere tangent
to the circle. This is clearly false if the total charge is not 0.
XIV. CASE cj > 0: HYPERBOLIC BARYCENTERS AND THE SYMMETRIC K-S MODEL
Our final special case is when all cj = aj > 0, which includes the original symmetric Kuramoto model with identical
cj = K/N > 0. Note that the results in Theorem 1 apply in this case. However as we shall see below, under the
additional assumption aj > 0 there is at most one fixed point for the w˙ flow, this fixed point is always repelling, and
the two possible generic asymptotic behaviors in backward time in Theorem 1 are mutually exclusive in this special
case.
Theorem 5. Consider the K-S system with cj = aj > 0 for all j. Then almost all trajectories in the reduced state
space TN−1 converge in forward time to sync. If all aj < a/2 then almost all trajectories converge in backward
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time to a fully asynchronous state; if some aj ≥ a/2, then almost all trajectories converge in backward time to the
(N−1, 1)-state with the jth coordinate out of phase by pi.
Proof. Assume N ≥ 3 (the case N = 2 follows easily from (9). Choose any base point p whose coordinates βj are
all distinct. The forward time dynamics follow from Theorem 1. In the proof of Theorem 1, we saw that in backward
time all trajectories w(t) for (8) converge either to a fixed point w∗ ∈ ∆ or to some βj . The corresponding polar
coordinate θ(t) must converge to θ∗j , which is pi/2 since the cj are real. The linearized r˙ equation in (14) simplifies to
r˙ = r(2aj − a); this shows that we cannot have r(t)→ 0, θ(t)→ pi/2 as t→ −∞ if aj < a/2. So if all aj < a/2, then
all trajectories w(t) must converge in backward time to a fixed point w∗, and the corresponding trajectories converge
in backward time to a fully asynchronous state in G˜p.
On the other hand, if some aj ≥ a/2, then the w˙ flow (8) has no fixed points; the expression
N∑
k=1
ajMw(βk)
is a positive weighted average of N ≥ 3 distinct points Mw(βk) on the unit circle, with weights summing to a and one
weight at least a/2; this can never be 0. Therefore all trajectories must converge in backward time to the unique βj
which has aj ≥ a/2, and the corresponding trajectories converge in backward time to the (N−1, 1) state which has
the jth oscillator out of phase by pi.

We can say a bit more about the w˙ dynamics in this case. Suppose N ≥ 3, and all aj < a/2. The eigenvalues at a
fixed point w∗ from (11) are
λ± =
a
2
1± ∣∣∣ N∑
j=1
aj
a
Mw∗(βj)
2
∣∣∣
 .
The sum in the equation above is a weighted average of N ≥ 3 points on the unit circle, which are not all identical,
and hence must have absolute value less than 1. Hence λ± > 0, so all fixed points are repelling. All trajectories w(t)
converge in backward time to a fixed point, so we must have at least one fixed point. If there were more than one
fixed point, then the backward time dynamics would partition the disc into two or more basins of attraction of the
fixed points, which are disjoint open sets, contradicting the connectedness of the disc. (We gave a somewhat different
proof of the existence and uniqueness of fixed points in [6]).
The unique fixed point w∗ is known as the hyperbolic barycenter of the configuration βj of points on the circle with
weights aj ; it is the unique point at which the weighted sum of the unit vectors pointing at all the βj is 0. In backward
time, all trajectories w(t) converge to the barycenter w∗. In forward time, there is a unique trajectory converging
to each point β ∈ S1; if β 6= βj , the corresponding trajectory in G˜p converges to sync; if β = βj , the corresponding
trajectory is the saddle trajectory converging to the (N−1, 1) state with the jth oscillator out of phase by pi. If some
aj ≥ a/2, then the w˙ flow has no fixed points, and in backward time all trajectories converge to βj . The forward time
dynamics are the same as in the previous case, except that no trajectory converges to βj in forward time.
Figure 6 shows two examples of phase portraits in the case cj = aj > 0. In the first panel all aj < a/2; there is
a unique, repelling fixed point at the hyperbolic barycenter of the βj . In the second panel a1 > a/2; there are no
fixed points in the disc, and all trajectories converge in backward time to β1 = 1 at angle pi/2, which corresponds to
a repelling (N−1, 1) state with θ1 out of phase by pi.
We remark that the condition aj > 0 can be relaxed to aj ≥ 0 as long as not all aj = 0; the arguments in Theorem
5 go through, with one exceptional case: if exactly two of the aj , say a1 and a2, are nonzero and equal, and all other
aj = 0. Then (15) shows that r˙ = 0, and θ(t)→ pi/2 as t→ −∞. So all trajectories w(t) converge in backward time
to some point on the line of fixed points, which is the geodesic arc joining β1 and β2. The corresponding trajectories
in TN−1 converge in backward time to asynchronous states. In forward time almost all trajectories go to sync as
before.
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aj > 0
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FIG. 6 First example has cj = aj > 0 and aj < a/2; there is a unique fixed point at the hyperbolic barycenter. Second
example has cj = aj > 0 but a1 > a/2; there is no fixed point in the disc, and the (N−1, 1) state in TN−1 with θ1 out of phase
by pi is repelling.
XV. DISCUSSION
Using Mo¨bius group and hyperbolic geometry techniques, we are able to give a fairly complete description of
the long-term dynamics of the asymmetric Kuramoto-Sakaguchi network (3) on the reduced state space TN−1. A
summary of our findings is given in the following table. In each case, the description of the dynamics as t → ±∞ is
the generic behavior; there may be a set of measure zero of exceptional trajectories with different behavior.
Case Dynamics as t→∞ Dynamics as t→ −∞
1. a > 0 sync asynchronous states
finitely many (N−1, 1) states
2. c = ib 6= 0, sync same as t→∞
all bj 6= b/2 periodic orbits
3. c = ib 6= 0, sync same as t→∞
some bj = b/2 periodic orbits
(N−1, 1) states
4. c = 0, all bj 6= 0 sync same as t→∞
5. c = 0, all bj = 0, (N−1, 1) states same as t→∞
some aj 6= 0
6. All cj = aj > 0, sync asynchronous states
aj < a/2
7. All cj = aj > 0, sync (N−1, 1) state with jth
some aj ≥ a/2 oscillator pi out of phase
 Hamiltonian
 gradient + Hamiltonian
 gradient
TABLE I Summary of the generic dynamics for the system (5) on the reduced state space TN−1as t→ ±∞. A measure zero
set of initial conditions may have exceptional behavior.
The hyperbolic-geometric approach we developed facilitates the analysis of the somewhat subtle dynamics near the
(N−1, 1) states. For example, in the case of the symmetric Kuramoto model with a > 0, our boundary flow analysis
shows that there is a codimension one set of initial conditions that flow to (N−1, 1) saddles. This point is omitted
in the classic paper [8]. This framework also supports the analysis of the system dynamics in the Hamiltonian and
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other special cases, where the asymmetric model can exhibit more complex dynamics than the symmetric model.
For example, this analysis gives the existence of homoclinic and heteroclinic non-periodic orbits to/from sync and
(N−1, 1) states in the Hamiltonian case.
We expect that the methods we developed in this paper will have further applications to Kuramoto networks
with higher-order order parameters, or Kuramoto networks consisting of two or more populations of oscillators with
different natural frequencies. Additionally, the possibility in the cj model of prescribing the location and stability of
any number of competing fixed points may prove useful in applications to machine learning or reservoir computing.
We hope to take up this study in the future. Another interesting direction in which to extend this framework is
to consider networks of “oscillators” where the state space for an individual oscillator is a manifold other than S1,
such as spheres of dimension 2 or greater; see for example [13; 14; 15]. Finally, we thank our colleagues and friends
Martin Bridgman, Kathryn Lindsey, Curtis McMullen and Robert Meyerhoff, all experts on hyperbolic geometry and
complex dynamics, for many conversations and comments that were not just helpful, but indispensable in bringing
this project to a conclusion.
This work was supported by NSF Grant DMS 1413020.
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